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Abstract.

Reducing food waste while preserving profit is an important operational problem for retailers of perishable products. We study
a finite-horizon inventory allocation problem with a regular channel and an opaque surprise-bag channel. Before observing each
period’s regular demand, the retailer chooses product display quantities and surprise-bag offers. Each offered bag sells and creates
a noncancellable commitment that must be fulfilled from inventory remaining at the horizon. The model incorporates waste costs
and linear constraints on the expected aggregate composition of bag allocations, while allowing arbitrary correlation in regular
demand across products and periods. Under productwise regular-channel profitability, an LP-based reservation policy achieves the
optimal competitive ratio 1/(2 + k) against a clairvoyant benchmark, where x = w/s is the waste-cost-to-bag-reward ratio. An
adaptive reservation policy weakly dominates the static policy in expected profit on every instance and inherits its guarantee. We also
identify sufficient conditions under which deferred product assignment strictly improves optimal expected profit over immediate
assignment, and extend the static guarantee to fixed multi-unit bags. In simulations calibrated from cafeteria sales data, the adaptive

policy improves mean profit over the static policy by 6.2%-9.2% across the tested quality-floor settings.

1. Introduction
Reducing food loss and waste is central to the 2030 Agenda for Sustainable Development, yet progress
remains far off track despite sustained efforts across the global food supply chain. A substantial share of
this waste originates not only in fields and warehouses but also at the final link: retail and food-service
operations. Restaurants, bakeries, grocers, and other operators must stock or prepare perishable products
before customer demand is fully known [Akkas and Gaur, 2022; Nahmias, 1982]. This timing mismatch
becomes especially costly near the end of the selling horizon, when products that were valuable earlier
now have only a short window left to be sold. The resulting surplus is substantial. ReFED [2024] reports
that U.S. retailers generated 3.98 million tons of surplus food in 2024, with a quarter sent to landfill or
incineration.

Surplus-food platforms such as Too Good To Go have emerged as one response to this problem [Too
Good To Go, 2024]. Through these platforms, retailers can sell discounted “surprise bags” composed of

surplus food that might otherwise be discarded [Yang and Yu, 2025; Zhou et al., 2024]. For consumers, the
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channel offers a low-priced way to purchase food, at the cost of reserving a bag without knowing its exact
contents until pickup. For retailers, the same opacity is an operational lever: because the contents are not
specified when the bag is sold, the bag can later be assembled from whichever products remain available
[Yang and Yu, 2025; Zhou et al., 2024].

The operational problem, however, is more subtle than simply packing whatever is left at closing. Bags
must be made available while the day is still unfolding, before the retailer knows exactly which products will
remain. Each bag commitment therefore creates an immediate fulfillment obligation, but product assignment
can be deferred: the retailer sells an opaque bag now and later determines which physical inventory will
satisfy it. Reserving more bags can secure revenue and reduce the risk of waste, but it also leaves less
inventory available for customers who may arrive later. Thus, surprise-bag platforms create not only an
end-of-day surplus-disposal problem, but an online inventory-routing problem across both regular demand
and surprise-bag demand channels. This raises the central question we address:

Is there an inventory-value measure that leads to a simple reservation framework with a best-possible

expected-profit guarantee, while still accommodating a broad class of operational constraints?

Surprise-bag marketplaces involve several intertwined platform-design choices, and recent work has
begun to study some of these dimensions. Yang and Yu [2025] analyze surprise clearance as a selling scheme
and compare it with no clearance and transparent clearance. Zhou et al. [2024] study surprise-bag design,
focusing on pricing, bag-value allocation, supplementation, and reputation dynamics. Dong et al. [2025]
study platform-level market design and examine how pricing policies affect seller participation and waste
diversion. Together, these papers motivate surprise-bag marketplaces as an important operational setting.
We isolate an understudied store-level inventory-routing problem created by surprise bags, in which bag
timing and fulfillment must be coordinated with regular sales as demand is gradually revealed. Since the
selling scheme, pricing, and other marketplace-design are typically set before the selling day or managed

outside the retailer’s intraday control problem, we treat them as primitives rather than additional controls.

1.1.  Our Contributions
With this scope in place, we formulate a finite-horizon model of online inventory routing across a regular
channel and a surprise-bag channel. The selling day is divided into discrete periods, and the retailer starts
with initial inventory of multiple perishable products. Demand in the regular channel is stochastic with a
known distribution, but its realization is revealed only over time. For the surprise-bag channel, we assume
demand is abundant relative to the retailer’s bag supply, but a per-period offer capacity limits the total
number of surprise bags that can be offered.

In each period, the retailer chooses regular display quantities for each product and the number of surprise
bags to offer. Both decisions are subject to operational limits, such as display capacity in the regular channel
and offer capacity in the surprise-bag channel. Displayed products are sold whenever regular demand mate-

rializes, while each offered bag becomes a noncancellable fulfillment commitment. This creates the routing
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tradeoff: a unit sold through the regular channel cannot be used to fulfill a surprise bag, while each bag
commitment reduces the inventory available for later regular sales. The retailer need not specify the product
inside the bag when it is offered, but each bag must eventually be fulfilled by one unit of physical inventory.!
Thus, each unit ultimately has one of three outcomes: it is sold through the regular channel, assigned to a
surprise bag, or discarded as leftover inventory. The objective is to maximize expected profit, accounting
for regular sales revenue, surprise-bag revenue, and the waste-handling cost of leftover inventory.

Our formulation also allows retailers to control the aggregate product mix allocated to surprise bags. We
represent these requirements by linear constraints on expected product allocations, with expectations taken
over demand and policy randomization. The constraints can impose an average-quality floor, upper bounds
on the expected allocation of individual products, and limits on category concentration [e.g., El Housni
et al., 2024; Fay et al., 2015; Gao et al., 2025; Khan and DePaoli, 2024; Rosales et al., 2019; Sun et al.,
2024, 2025; Tian et al., 2024; Zhou et al., 2024]. Section EC.2 gives their explicit forms.

From a theoretical perspective, our model is closely related to the prophet inequality [Samuel-Cahn,
1984], the classic framework for studying Bayesian online resource allocation. We highlight several key
differences between our model and the standard prophet inequality setting. First, in our model the rewards
for both regular sales and surprise bags are fixed over time, while the joint demand distribution allows
arbitrary correlation across products and periods; the prophet inequality typically assumes a single unit
demand per round with rewards drawn from independent distributions. Second, the decision variables differ:
in our model the decision maker chooses per-period supply quantities for the regular and surprise-bag
channels, subject to remaining inventory and a final bag-composition constraint that must be satisfied at the
end of the horizon, whereas in the prophet inequality the decision maker chooses whether to allocate each
arriving demand unit. Third, while most prophet inequality work focuses on reward maximization (with only
a few exceptions Ekbatani et al., 2024; Livanos and Mehta, 2024 studying cost minimization or mixed-sign
profit maximization), our model incorporates both revenue and waste costs, yielding a mixed-sign objective
together with general bag composition constraints. This mixed-sign objective is tied directly to the food-
waste application: leftover inventory is not merely unsold revenue, but also carries a waste-handling cost.
This is widely regarded as a more challenging paradigm for online algorithm design [Babaioff et al., 2009;
Ekbatani et al., 2023, 2024]. Finally, our algorithmic framework differs from the classic prophet inequality

approach; we discuss our proposed policies below.

LP-based reservation policy. Our first algorithmic result shows that a simple beginning-of-day reservation

policy achieves the best possible worst-case guarantee among online policies. The policy commits at the

!'Some surprise-bag offerings consist of one physical item whose variety is unspecified at purchase. For example, Too Good To Go
listings for Pizza My Heart in Sunnyvale, California, and Polly’s Pies Restaurant & Bakery in Montebello, California, offer a whole
pizza with unspecified variety or flavor and one whole pie from a selection of varieties, respectively. A unit may also represent an
exogenously specified, preassembled bundle, provided it is treated as an indivisible inventory unit in both channels. Our one-unit
base model also extends to surprise bags containing exactly m physical units. In Section EC.4, we study this extension model and
generalize our algorithmic results.


https://www.toogoodtogo.com/en-us/find/sunnyvale/pizzamyheart/meal/14pizza-35990196748682977
https://www.toogoodtogo.com/en-us/find/montebello/pollyspiesrestaurantbakery/bakedgoods/wholepies-202689103673786593
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start of the horizon to a fixed reservation split, reserving some inventory for future surprise-bag fulfillment
while leaving the rest available for regular demand. This split must balance the bag reward from reserved
units against the opportunity cost of removing those units from regular sales.

Our algorithm, the LP-based reservation policy (Algorithm 2), contains two main technical ingredients:
(1) A linear program LPg; that yields a fractional canonical solution splitting inventory between the regu-
lar channel and the surprise-bag channel. (ii) A lossless dependent-rounding procedure produces an inte-
gral reservation before the selling horizon. Its suffix structure permits online implementation without loss
in expected profit, while preserving aggregate composition constraints in expectation and respecting bag
capacity on every realization. A crucial concept in the formulation of the LPy; is the regular value, which
quantifies the opportunity cost of removing a unit from regular sales. More specifically, it is defined as the
expected net contribution of leaving the unit available to regular demand. In the LP-based reservation pol-
icy, LPg; uses these regular values to rank the reservation tradeoffs across units, selecting bag reservations
only when the bag reward and composition benefits justify the lost regular-sales contribution. We adapt
the dependent rounding scheme [Chekuri et al., 2010; Gandhi et al., 2006] to a suffix-form optimal reser-
vation plan. The suffix structure preserves the unit-level value accounting after rounding, while marginal
preservation ensures the expected composition requirements.

Despite accommodating general soft linear constraints on expected bag composition, under the mild pro-
ductwise regular-channel profitability (Assumption 1) assumption, the LP-based reservation policy achieves
the tight 1/(2 + k) competitive ratio against a benchmark that knows future demand, where & is the ratio

of waste cost to bag reward. To obtain this guarantee, we first introduce a uniform-gain LP, LP,,, which

ug»
provides an upper bound on the profit of the optimal offline benchmark. We then use a dual-fitting argument
to bound the ratio between LP —whose value equals the expected profit of our policy thanks to the lossless
rounding—and LP,. Intuitively, the dual-fitting argument shows that the offline policy’s hindsight advan-
tage can be charged to the same regular value tradeoff used by LP,;. To complement this positive result, we
prove a matching lower bound: no online policy can improve this ratio in general, even in a one-product,
one-period instance. This shows that the loss is intrinsic to committing before regular demand is revealed.
At first glance, our proposed LP-based reservation policy shares similarities with many online algorithms
in the prophet inequality literature [e.g., Alaei et al., 2012; Feldman et al., 2016; Feng et al., 2024], which
first solve a linear program (e.g., an ex ante relaxation or fluid approximation) and then conduct online
rounding (e.g., an online contention resolution scheme). However, our approach differs in a crucial respect.
As noted above, LP; is not an upper bound on the optimal offline benchmark. Instead, our dependent round-
ing procedure provides a lossless online implementation of its solution. Because our rounding is lossless,
our analysis does not need to bound rounding loss, which is the standard step when solving an ex ante relax-

ation and then applying an online contention resolution scheme. Rather, we use a dual-fitting argument to
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bound the gap between LP; and the uniform-gain LP LP,,, which relaxes the optimal offline benchmark.

ug»
Thus, the LP-based structure of the policy differs from the usual relaxation-and-rounding approach.
Adaptive reservation through re-solving. Our second algorithmic result develops an adaptive reservation
policy (Algorithm 3) that weakly dominates the LP-based reservation policy in expected profit on every
instance. At the beginning of each period, the policy re-solves the residual linear program LP,(S®*~1)) (anal-
ogous to LP;) on the remaining inventory, using updated residual regular values and residual soft budgets,
as well as the conditional distribution of remaining demand. The same regular-value principle reappears
in residual form: at each re-solving step, the residual LP updates the residual regular values from the cur-
rent residual inventory and remaining horizon, then uses them to re-rank the reservation tradeoffs under the
residual bag capacity and soft budgets. The resulting fractional reservation plan is rounded into a remaining-
horizon schedule, whose current-period component determines the bag offers and regular displays for that
period. After demand is realized, all uncommitted surviving units are pooled again, the conditional distri-
bution of remaining demand is updated, and the policy re-solves for the next period.

The main technical challenge is preserving feasibility while repeatedly updating the future schedule after
observing demand. Although the dominance relation is non-strict, even this guarantee is not immediate in
our model. Each residual-LP solution must be rounded into an integral remaining-horizon schedule while
preserving the general expectation-level bag-composition constraints. The rounding must also be lossless
for the residual-LP value: its current component determines feasible current-period bag offers and regular
displays, its unexecuted tail certifies feasibility of the next residual LP, and its unit marginals support the
telescoping value comparison. We address this by carrying forward residual soft budgets and ensuring that
the rounded schedule’s unexecuted tail remains feasible for the next residual LP. This tail-feasibility prop-
erty (Lemma 5) yields a one-step residual-LP value comparison, which telescopes over time. This gives
instance-wise expected-profit dominance over the LP-based reservation policy; consequently, the adaptive

reservation policy inherits the same 1/(2 + k) competitive guarantee.

Value of deferred product assignment. Our model permits a retailer to accept a surprise-bag order before
deciding which product will fulfill it. We distinguish this deferred assignment (DA) from immediate assign-
ment (IA), under which each accepted bag is irrevocably assigned a product unit before current-period
regular demand is observed. Although DA can replicate any IA policy, its additional flexibility need not
increase optimal expected profit: waiting to accept a bag can eliminate the need for reassignment, and reas-
signment may not change the best attainable profit. In Section 5, we identify sufficient conditions for a strict
DA advantage in symmetric instances with independent uniform demands and no composition constraints.
The conditions combine limited per-period bag-offer capacity with an intermediate range of demand. Exact
dynamic programming calculations under uniform and binomial demand illustrate how the DA advantage

varies with demand and bag capacity. This comparison is distinct from the value of adaptive reservation:
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both proposed reservation policies protect product-specific inventory for accepted orders, and their perfor-

mance guarantees do not require reassignment of those orders.

Numerical experiments calibrated from sales data. We evaluate the reservation policies in simulations
calibrated from transaction-level sales data from a corporate cafeteria operated by a Chinese catering
company. Across the tested average-quality requirements, both policies outperform the uniform-share and
certainty-equivalent heuristics in mean profit, and adaptive reservation improves on static reservation by
6.2%-9.2%. Without a quality floor, the adaptive policy achieves 88.4% of the simulated offline bench-
mark’s mean profit. With positive quality floors, it achieves 88.2%—-89.3% of an ex ante upper bound. These
results illustrate the benefit of revising reservations as inventory evolves. They are obtained under a demand
model calibrated from observed sales, rather than from a field implementation of the policies. Section 6
details the calibration, benchmarks, and evaluation protocol.

For a more in-depth discussion of related work, see Section EC.1.

2. Preliminaries

We consider a retailer managing a fixed inventory of perishable products over a finite selling horizon. The
inventory consists of NV € N, product types, with ¢; € N. units of product ¢ € [N] available initially.
By the end of the selling horizon, each unit is either sold through the regular channel, used in a surprise
bag sold through the surprise-bag channel, or discarded. A regular sale of product ¢ earns r; € R (; each
surprise bag sold earns s € R, regardless of the product allocated; and each discarded unit incurs a waste
cost? w € Rs(. Motivated by practical applications, we assume r; > s > w for every product i € [N].

The selling horizon is divided into 7" € N periods, indexed by ¢ € [T]. In each period ¢, let d;; €
N denote the demand for each product i € [N] in the regular channel. The full demand sequence
{dm}ie[ N].te[r) 18 drawn from a joint distribution D, which may exhibit arbitrary correlation across prod-
ucts and periods. At the start of the horizon, the retailer knows the joint distribution D, but not the realized
demands {d;; }icny,rerr]- At the beginning of each period ¢, let ¢;,—; € N denote the remaining physical
inventory of product 4, with ¢; o = ¢;. Before observing period-t demand, the retailer makes two decisions:
how many units of each product to display in the regular channel and how many surprise bags to make
available.

First, for each product i € [V], the retailer chooses a display quantity x; ; € N for the regular channel. The
display quantity cannot exceed the remaining physical inventory of the product, and is also subject to an
exogenous regular-display cap X; € N. Thus, z; ; < min{g¢,; ;—1,X;}. The display cap captures per-period
limits on making a product available for regular sales, such as display space or handling capacity. Units not

displayed remain in inventory and are not exposed to regular demand in that period.

2 We use a product-independent waste cost to capture common food-waste handling and disposal costs.
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Second, the retailer chooses the number of surprise bags y; € N to make available in period ¢. To maintain
a scarce offering, the retailer makes only a limited number of bags available, all of which are assumed to
sell. An exogenous bag-offer cap Y € N bounds the number of bags that can be made available in each
period. The decision must satisfy® 3, <Y

After the retailer makes both decisions, period-t regular demand is realized. The realized demand pro-
file is then observed. Regular sales of product ¢ are limited by the quantity displayed and therefore equal
min{d; ;, ;. }. Each bag sold must be fulfilled with one unit at the end of the horizon; the product used to
fulfill it is selected only then. Thus, the physical inventory of product 7 remaining after period ¢ is ¢; , =
Gir—1 —min{d; 4, ;. }.

After period T, the retailer assigns the remaining inventory to the surprise bags sold over the horizon.
For each product i € [N], let z; € {0, ..., ¢ 7} denote the number of units used for this purpose. Each bag

sold requires exactly one allocated unit. Hence, the total number of allocated units must satisfy

Zie[N] %= Zte[T] Y-

The product mix used to fulfill sold surprise bags may also be subject to composition requirements. We
represent these requirements by L € N linear constraints on the expected product allocation across sold
surprise bags. Unless otherwise specified, all expectations in this paper are taken over regular-demand
realizations and any randomization used by the policy under consideration. For each row ¢ € [L], let b, > 0
denote its soft budget and, for each product i € [N], let a, , € R specify the contribution of one unit of

product i to its usage. A feasible policy must satisfy

Ziem a;i Bz <b,  Lell]. (1)

We call b, the soft budget of row ¢ and the left-hand side its expected soft-budget usage. We call these
constraints soft because they are imposed on the expected allocation across surprise bags sold rather than on
every realized allocation. We require b, > 0, which ensures that the zero allocation, and therefore making no
surprise bags available, satisfies every composition requirement.* This formulation captures several useful
composition requirements; Section EC.2 gives their explicit linear forms:

* Average-quality floor. A lower bound on the average product quality of the expected allocation,

measured by a product-specific quality score [Sun et al., 2024, 2025; Zhou et al., 2024];
* Product-availability caps. Upper bounds on the expected number of units of individual products

assigned to sold surprise bags [Gao et al., 2025; Khan and DePaoli, 2024; Rosales et al., 2019];

? The model and analysis can be extended to time-dependent caps by replacing X; and Y with X; ; and Y, respectively.

* Allowing b, < 0 leads to fundamental impossibility: even a single such constraint can render no positive performance guarantee
achievable; see Section EC.3.



Feng, Lee, Lyu, Zheng: Selling Surplus Foods Through Surprise Bags

* Category-concentration limits. Upper bounds on the fraction of the expected allocation that may
come from a designated subset of products [El Housni et al., 2024; Fay et al., 2015; Tian et al., 2024].
Together, the inventory, economic parameters, demand distributions, operating limits, and composition

requirements defined above specify an instance

Ié <N7T7L7 {qwriaXi}iE[N]? S,U],Y, Da {{ai,e}iE[N]a bi}[E[L])-

Given an instance I, an online policy may randomize independently of the entire demand process, but
its period-¢ display and bag-availability decisions may depend only on the known instance, the observed
demand and action history through period ¢ — 1, and a period-¢ random seed independent of the demand
process and the policy’s preceding random seeds. Its end-of-horizon allocation may use all information
revealed over the horizon. We call a policy feasible if, surely, its display and bag-availability decisions sat-
isfy the inventory and cap constraints and its sold bags can be fulfilled, while the composition requirements
hold in expectation.

Over the horizon, product 7 has total regular sales ¢; — ¢; r, while ¢; + — z; units remain unused and are

discarded at the end of the horizon. For a feasible policy II on instance I, define its realized profit as

ProFrT(IL; 1] £ ZiE[N] rildi—air) +5 ZtE[T] e Zie[N] (@7 = 2).

The retailer seeks to maximize E[PROFIT[II; ]].

We evaluate a feasible online policy II relative to an offline optimal policy. This policy satisfies the
same feasibility requirements, but observes the full demand realization {d; ; };c(n], tc7] before making any
decisions and maximizes expected profit among all such policies. Let OPT denote this policy; its expected
profit is our offline benchmark.

Consider the regular-only greedy policy, under which the surprise-bag channel is unavailable. Let RO
denote this policy. In every period, the retailer displays as many units of each product as the remaining
physical inventory and the regular-display cap allow. Let y; € {0,..., ¢} denote the total regular sales of
product ¢ under this policy. If inventory remains available, product 7 can serve up to min{d, ;, X;} units of

demand in period ¢. Hence, for any demand realization,
X; = min {qi, Ztem min{d; , X7}} .
The expected profit contributed by product i is then
E[PROFIT;[RO; I]] £ r;E[x;] — w(q; — E[x]). )

ASSUMPTION 1 (Productwise regular-channel profitability). E[PROFIT;[RO; ]| >0 for all i € [N].
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Economically, Assumption 1 restricts attention to instances in which every product is non-loss-making
through the regular channel alone. A violation may reflect upstream overproduction relative to regular
demand and display capacity. We leave such instances outside the scope of our analysis.

DEFINITION 1 (a-COMPETITIVE POLICY). A feasible online policy II is c-competitive, for o € [0, 1],

if, for every instance [ satisfying Assumption 1,
E[PROFIT[II; I]] > oo E[PROFIT[OPT; I]] .

To establish that an online policy is a-competitive, we upper-bound the offline benchmark and show that
the policy attains at least a « fraction of this bound. We use this approach in Section 3 to analyze our first

policy.

3. LP-Based Reservation Policy

A simple way to use the surprise-bag channel is to commit, before the selling horizon begins, to a total
number of surprise-bag orders and to choose which product units to reserve for their eventual fulfillment.
Neither decision is revised as regular demand unfolds. We refer to the resulting policy as the LP-based
reservation policy. In this section, we first formulate a planning problem for the reservation, then use its
solution to construct a feasible policy with the same expected profit, and finally show that it achieves the
best possible competitive guarantee among all feasible online policies. To simplify notation, throughout this

section we suppress the dependence on [ in policy values and optimization problems.

3.1. Planning the Reservation
To evaluate a reservation decision, we use the regular-only greedy policy as the baseline. Under RO, inven-
tory can only be sold through the regular channel or remain unsold at the end of the horizon. Reserving a
unit therefore gives up the expected profit that the unit would contribute under this baseline.

For each product i € [N], index its ¢; units by their sales priority under RO. Thus, unit (i, k) is sold
exactly when total regular sales reach at least &, and its sale probability is p; = Pr[x; > k]. If unit (i, k)
remains in the regular channel, it earns r; when sold and incurs the waste cost w otherwise. We call its

expected profit contribution under RO the regular value:
Vi k = ripie — w(1 = pi).

Because p; j is nonincreasing in k, so is v; ;. A unit with a larger index is less likely to earn the regular
reward and more likely to incur the waste cost.

The regular values provide a unit-level decomposition of the expected profit under RO. For each product
i, the tail-sum identity gives >, clgi) Pick = E[x;]. Combining this identity with (2) and the definition of v;
gives

E[PROFIT;[RO]] =) °

Uik
k€(gs]
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Let U £ {(i,k) : i € [N], k € [g;]} denote the set of all product-unit pairs. Because profit under RO is

additive across products, summing the product-level decomposition over ¢ gives

E[PROFIT[RO]| = Vi ke

(i,k)eU

We now use these unit-level values to formulate the reservation plan. Rather than choosing an integral set
of units immediately, we use a fractional variable u; ;, € [0, 1] for each (4, k) € U. This variable will serve as
the target marginal probability that the unit is reserved for surprise-bag fulfillment.

Reserving unit (7, k) changes its contribution from v; ;, under RO to the surprise-bag reward s, so the
corresponding incremental contribution is s — v; ;. The total reservation mass cannot exceed the number of
surprise-bag orders that may be accepted over the horizon, T'Y". Moreover, ) -, Clgs) Wirk is the target expected
number of units of product ¢ reserved for surprise-bag fulfillment, so the fractional plan must satisfy the

composition requirements in (1). This gives the following static linear program (LP):

E[PROFIT|RO|| + max S — U; k) U;
[ [RO]] uelo,1]U (i-,k)GM( Uik

o<
S.t. g e up <TY, (LPg)
. < .
g reu a; gk < by, tell]

The constraints in (LP,;) treat all units of a given product identically, while the objective coefficient

s — v; 1, 1s nondecreasing in k. We can therefore choose an optimal solution with the following suffix form.

LEMMA 1 (Suffix-form optimal solution). There exists an optimal solution u* of (LPg) such that, for

every product i € [N, there exist an index k; € [g;] and 0; € [0, 1] satisfying

0, k<k;,
u;k: Hi, k:k“
1, k>k.

Proof. Fix an optimal solution. For any product ¢ with indices k < k&’ such that u,; ;, > 0 and v, < 1,
choose the smallest such k and the largest such &’. Move € = min{u; ,, 1 — u; / } units of reservation mass
from (i,k) to (¢, k). All units of product i enter the constraints with the same coefficients, so feasibility
is preserved. Since s — v, 5, is nondecreasing in k, the objective does not decrease. Each exchange either
sets the chosen lower-index coordinate to zero or the chosen higher-index coordinate to one. Hence, after
finitely many exchanges, no such pair remains. The positive coordinates for each product then form a suffix,

with at most one fractional coordinate, which gives the stated form. O

3.2. Implementing the Reservation Plan

In the absence of the soft composition constraints, (LP;) admits an integral optimal solution. With these
constraints, however, an optimal solution may be fractional. We therefore seek a randomized integral reser-
vation whose marginal reservation probabilities match the fractional solution. It preserves the soft compo-

sition constraints in expectation and respects the bag-capacity limit on every realization.
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We use the dependent-rounding procedure of Chekuri et al. [2010]; Gandhi et al. [2006], given in Algo-
rithm 1. Starting from a fractional vector, the procedure repeatedly updates two fractional coordinates while
preserving their sum exactly and each coordinate in conditional expectation. If one fractional coordinate

remains, it is rounded by a Bernoulli draw with success probability equal to its current value.

Algorithm 1: DEPENDENT ROUNDING (DEPROUND)
Input : A vector z € [0, 1] over a finite index set J.

Output: An integral vector y € {0,1}”.
1 Initialize y <— = and fix an ordering of J.

2 while y has at least two fractional coordinates do
3 Let ¢ and j be the first two fractional coordinates of y.
4 Let 6 2 min{l —y;,y,}, 6~ = min{y;, 1 —y,}.

(yi+07,y;—6%), w.p. 1o
5+
WP S

6 if y has exactly one fractional coordinate i then set y; < 1 w.p. y;, and y; <— 0 otherwise.

5 Update (y;,y;)
(yi =0,y +67),

The procedure has the following standard properties. It preserves each coordinate in expectation while
keeping the rounded total within one unit of the fractional total. The bag-capacity bound 7Y is an integer,

so the rounded total satisfies the bound whenever the fractional total does.

LEMMA 2. For any input = € [0,1]”7, DEPROUND returns a random vector y € {0,1}” satisfying

Ely;,| =z; foralljeJ, Zjejyj € { LZjEijJ , {nga:j—‘ } surely.

The first property follows because every randomized update preserves each coordinate in conditional
expectation, while the second follows because the pairwise updates preserve the total sum exactly and leave
at most one fractional coordinate before the final Bernoulli rounding. A proof is given in Section EC.5.1.

Let u* be an optimal suffix-form solution from Lemma 1, and set u’ <~ DEPROUND(u*). Thus, u;, €

{0, 1} indicates whether unit (i, k) is reserved for surprise-bag fulfillment. By Lemma 2,
Elu;,] =u;,, forall(i,k)el.
The floor-or-ceiling guarantee in Lemma 2, together with feasibility of u* in (LPy;), also ensures that

Z(i eu u;, <TY  surely.

For each product i, let u/ 2 Zke[ 4;) Wi denote the realized number of units reserved for surprise-bag

fulfillment. The LP-based reservation policy reserves these u; units for surprise-bag fulfillment and makes
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the remaining ¢; — u; units available only in the regular channel during the selling horizon. In each period,
the policy displays as much unreserved inventory as the regular display caps allow and accepts as many
surprise-bag orders as the bag cap and its remaining reserved inventory allow. Since the initial reservation
is at most 7Y, all reserved units are committed to accepted orders by the end of the horizon. The complete

policy is given in Algorithm 2.

Algorithm 2: LP-based reservation policy (SR) Policy

1 Find an optimal suffix-form solution v* of (LPg).
2 Setu’ <~ DEPROUND(u”) and uj <= >, 1 u; , for each i € [N].
3 Initialize ¢ ¢ ¢; —uj for each i € [N], and ¢§ < 7, n; Ui-

4 fort=1,...,Tdo
5 | Setw;, < min{X;,q_,} foreachiec [N],and y, < min{Y,q; ,}.

/* Regular demand in period t is realized. =/
6 Update ¢, < ¢f,_; —min{d; ;,x;,} for each i € [N], and ¢; < ¢/, — y..
7 Fulfill the accepted surprise-bag orders using u/ units of product i for each i € [N].

LEMMA 3. The LP-based reservation policy is feasible and has expected profit equal to the optimal value
of (LPy), i.e., E[PROFIT[SR]] = LPy.

Proof. The rounding is performed before the horizon and independently of demand, and the period-t deci-
sions in Algorithm 2 use only the current inventory balances. Each regular display is bounded by the remain-
ing unreserved inventory and by X;, and each bag-acceptance decision is bounded by Y. Regular sales
therefore leave the reserved units available for fulfillment, and the acceptance rule commits all reserved

units by the end of the horizon. Thus every accepted order is fulfilled, and, for every product i € [N],

/ /
o Zke[qil bk

By marginal preservation in Lemma 2, E [u; k} = uj,, forevery (i,k) € U. Thus, by linearity of expectation,

Blaid = 2y Bl = 2y i

Feasibility of u* in (LPg;) then implies that the soft composition constraints are satisfied.
We next consider profit. Since u* is suffix-form, it has at most one fractional coordinate for each product.
The rounding leaves all integral coordinates unchanged, so every realized reservation remains suffix-form.

Conditional on a realized ', each reserved unit earns s. The suffix form leaves a prefix of unreserved



Feng, Lee, Lyu, Zheng: Selling Surplus Foods Through Surprise Bags

13

units for each product. These units are sold greedily in the same order as under RO, so their expected

contributions are their regular values v; ;. Hence

E[PROFIT[SR] [u/] =) [suf  +vik(1—ul,)].

(i,k)eU

Taking expectation over the rounding and applying E [u; k] = uj;, again yields LP. O

The timing of surprise-bag acceptance does not affect profit once the reservation is fixed, since any
acceptance schedule that exhausts the reserved capacity and respects the per-period bag-offer cap yields the

same profit.

3.3. Competitive Performance
We now evaluate the LP-based reservation policy against the offline optimal benchmark and show that its

competitive guarantee is best possible among all online policies.

THEOREM 1 (Optimal competitive ratio). Let x = w/s € [0,1]. Under productwise regular-channel
profitability (Assumption 1), the LP-based reservation policy achieves competitive ratio 2+% In particular,
it is 1/3-competitive over all instances satisfying Assumption 1.

Moreover, this guarantee is optimal for every k € [0, 1]: for every € > 0, there exists an instance satisfying
Assumption 1 and w/s = k such that every feasible online policy earns at most 2%{ + ¢ times the offline

benchmark.

Proof sketch. For the positive result, we first derive an LP upper bound on the offline optimal benchmark.
On every demand realization, the regular-only greedy policy makes at least as many regular sales of each
product as the offline optimal policy. Relative to this baseline, assigning a unit to a surprise bag yields at
most s + w: this gain occurs when the unit would otherwise remain unsold, whereas assigning a unit that
would sell regularly changes its contribution by s — r; < 0. This yields a uniform-gain LP, denoted LP,,
with the same feasible region as LP,; but with every unit-level reservation gain s — v, 5, replaced by the

common upper bound s + w. Hence,
E[PROFIT[OPT|] < LP,,.

We compare LP,, with LP by dual fitting. Scaling an optimal solution to the dual of LPg by 1+ &
yields a feasible solution to the dual of LP,,. A product-by-product bound on the resulting dual objective,

using Assumption 1 to control the regular-only contribution, gives
LP,, < (2+ k)LPg.

Combining these inequalities with Lemma 3, which establishes that the expected profit of the LP-based
reservation policy equals LPg;, proves the stated competitive ratio. The full argument for this part is given
in Section EC.5.2.
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For the matching impossibility result, consider an instance with one product, one period, one unit, no

composition constraints, and X; =Y =1. Let

_ 1+~
Cr4k’

s=1, w=K, )

where r > 1, and let regular demand equal one with probability ¢ and zero otherwise. If a surprise-bag order
is accepted, it must be fulfilled. Hence, a feasible online policy cannot accept the bag order and expose the
unit to regular demand simultaneously. The only undominated online decisions are therefore to accept the

surprise-bag order or leave the unit in the regular channel. Their expected profits are, respectively,
1 and or—(1-90)k=1.

Thus, every randomized online policy earns expected profit at most 1. The offline optimal policy observes
regular demand before making this decision: it chooses the regular channel when demand is one and the

surprise-bag channel otherwise, so the offline benchmark is
or+(1—9)—2+k as r — 00.

Hence the competitive ratio approaches 1/(2 + ). The construction also satisfies the productwise regular-

channel profitability assumption because the regular-only greedy policy has expected profit 1. U

REMARK 1 (m-UNIT BAGS). Some surprise-bag offerings prescribe a fixed number of physical units
per bag, so that each bag must contain exactly m units. While the aggregate composition model remains
unchanged, every realized reservation must then contain a multiple of m units. This divisibility require-
ment must hold in every realization, whereas a direct rescaling of the one-unit reservation LP controls the
marginal reservation probabilities of individual units but does not enforce this requirement pathwise. The
branch-cardinality formulation developed in Section EC.4 enforces this pathwise requirement while pre-
serving the aggregate composition model, thereby extending the static policy and its competitive analysis

to m-unit bags.

4. The Adaptive Framework and Policy Dominance
The LP-based reservation policy achieves the best possible worst-case guarantee while committing to a sin-
gle reservation plan before the horizon begins. The optimality of this guarantee, however, does not imply
that an ex-ante commitment is best for every instance: realized regular demand changes the inventory avail-
able for future decisions, so revising future reservations may improve expected profit.

This section develops the adaptive reservation policy, which re-solves the static planning problem at the
beginning of each period for the remaining horizon. It implements the resulting current-period decisions
while retaining a feasible plan for the remaining periods. We show that this adaptive policy weakly domi-

nates its static counterpart in expected profit on every instance.
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4.1. Remaining-Horizon Planning
The adaptive policy re-solves the static planning problem at the beginning of each period over the remain-
ing horizon. The corresponding residual state consists of the inventory still available for future decisions,
the conditional soft budgets on the realized branch, and the conditional distribution of remaining regular
demand given the observed demand history. The inventory component excludes units already sold through
the regular channel or committed to accepted surprise-bag orders.

For each period ¢, let dy.;_; denote the regular demand vectors observed in periods 1,...,¢ — 1, with dy.o
denoting the empty history. Let DY (- | dy.; ;) denote the conditional distribution of {d; , Yieln), r=t,...T
given the observed history dy.;_1.

DEFINITION 2 (RESIDUAL STATE). At the beginning of period ¢, the residual state is

seV £ ({q )}z‘e[Nh{Efzt_l)}ZE[L]? D(t)(' \ dl:t—1)> ’

(=1 is the uncommitted residual inventory of product ¢ available for re-optimization, and

where ¢; lN)(t_l)
is the row-/ residual soft budget on the current realized branch. Initially, q]( )& G b(o) £ by, and DY (- |
dio)=D

The quantities ngt*l) are not pathwise remaining budgets. They specify the future row-¢ usage allowed
in conditional expectation on the current branch. In particular, a residual soft budget may be negative even
though the original right-hand side b, is nonnegative. Later we show that every state reached by the policy
nevertheless carries an explicit feasible continuation.

Given the residual state S~ re-index the units in the residual inventory by their remaining regular-sales

priority and define
U E{(i,k):ie [N], kelg ™}

As in Section 3, lower-indexed residual units of each product are those that the regular-only greedy policy
would sell first. For each (i,k) € U, let p(t) denote the probability, under conditional distribution D® (- |
d;.; 1), that the regular-only greedy policy sells at least & units of product 7 over periods ¢,...,T starting

from the residual inventory. The residual regular value is

o Eripl) —w(1-pfl).

These residual unit values yield the remaining-horizon planning problem. At a residual state SV, the

residual LP is the static LP applied to the residual inventory, the remaining bag-offer capacity, and the

residual soft budgets:

o — Oy,
Z(z‘,k)eu(f> Vit egliu(t Z(uk)eu(f)(s Vik) Uik

5.t Z(, e Uik < < (T —t+1)Y, (LP,(S¢-1))

F(t-1
Z(i pyepy Gtk <bY, te|[L].
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As in the static LP, u, , represents the mass of residual unit (i, k) reserved for surprise-bag fulfillment over
the remaining horizon. When ¢ = 1, the residual state is the original instance, so LP;(S®) = LP,.
Since the residual regular values v( ,2 remain nonincreasing in k£, Lemma 1 applies to (LP,(S®*~1)).

Hence, the residual LP admits a suffix-form optimal solution, which we denote by u*(*) = {uj(,:) Yimeu®-

4.2. Rounding to a Remaining-Horizon Schedule

This subsection formalizes the rounded schedules used by the adaptive reservation policy. We first specify

the properties required of such schedules, and then give a balanced schedule construction that satisfies them.
DEFINITION 3 (ADMISSIBLE ROUNDED SCHEDULE). Fix a residual state S~ and a feasible suffix-

form solution u*) € [0, 1}”“) of LP,(S*~1). A rounded remaining-horizon schedule for u(*) is admissible

if it consists of 1nteger product-period counts z E N, i€ [N], tedt,...,T}, with product totals
Z(f) = Zf ¢ Zine ). The schedule is interpreted by the canonical suffix rule: for each product ¢, the schedule

selects the last z( )

residual units of product ¢, and earlier periods receive lower-indexed units within this
selected suffix. Let I, ftk) be the induced indicator that residual unit (¢, k) is selected by this rule. The counts
are admissible if they satisfy the following properties:

(a) Each remaining period capacity is respected: Z ie(N) ltT) <Y, T=t,...,T.

(b) Product totals fit the residual inventory: z; " < q(t b, i€ [N].
St- 1>} ul), (k) U,

(d) Every unexecuted tail is suffix-compatible: for every cutoff period s € {¢,..., T} and product i, the

(c) Unit-level marginals are preserved: [E [I ft,g

units assigned to periods s, ..., T are the last Z - T) residual units of that product and hence form
a suffix.

The four requirements separate the roles needed later. Requirement (a) keeps both current and future
bag offers within the per-period bag-offer cap. Requirement (b) ensures that the selected suffixes are phys-
ically available. Requirement (c) preserves the residual-LP reservation probabilities in conditional expec-
tation, which is used for both soft-budget bookkeeping and the one-step residual-LP value comparison.

Requirement (d) allows both the current schedule and every unexecuted tail to be evaluated using the same

unit-value accounting as in the static policy. We now give one such schedule rounding.

Balanced schedule rounding. Given a feasible suffix-form solution u*), remaining periods ¢,...,T, and
per-period bag-offer cap Y, let ugt) Zke[ (t-1), U Ek and write u(t) L (®) j f(t with f; ® e €[0,1). Apply
DEPROUND (Algorithm 1)to {f}(lt)}l6  let f(t € {0,1} be the rounded output, and set z; M= |u (t)J F.
Let z. ® = =y, €[] z Dependent rounding preserves the product-level marginals and makes this total either
the floor or the ceiling of the fractional reservation mass. Because the residual capacity bound (7'—¢+1)Y
is integral, the rounded total fits within the remaining horizon

Next construct balanced period loads. Initialize m,(E ) = z ). Forr = t,...,T,set

P 7m(7t)
T T—7+1]|’
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and update m'"), = m{) — 2!*). Feasibility of the rounded total implies 0 < m{") < (T —7+1)Y throughout
the construction, so every period load respects the bag-offer cap and the remaining units fit within the
remaining periods. Finally, fill the z(tT) slots in each period 7 with product labels so that product 7 appears
exactly zft) times across the remaining horizon. Fix any deterministic interleaving rule before the horizon;
the results below hold for every such rule. Set zftT) equal to the number of product ¢ labels placed in period

7, and interpret the resulting counts by the canonical suffix rule.

LEMMA 4 (Existence of an admissible rounded schedule). Fix a residual state S~V and a feasible
suffix-form solution u® € [0, 1}”(” of LP,(S“=Y)). The construction above produces an admissible rounded

remaining-horizon schedule for u(®.

Proof sketch. Dependent rounding gives the required product totals and preserves the unit-level marginals
under the canonical suffix rule. Its floor—ceiling total remains no larger than the remaining bag capac-
ity, so the balanced load construction packs the rounded mass into periods t,...,T" while respecting (a).
The product-label interleaving then realizes the prescribed product totals, which gives (b); the dependent-
rounding marginals give (c); and the canonical within-product ordering gives (d). The full verification is

deferred to Section EC.6.1. OJ

4.3. The Adaptive Reservation Policy
We now define the adaptive reservation policy. In each period it takes three steps: solve the residual LP,
round its solution into a feasible remaining-horizon schedule, and execute only the schedule’s current com-
ponent. To keep the schedule executable, the policy withholds the selected suffix from regular sales in the
current period. Units in its current component are protected for that period’s bag offers, while the unexecuted
tail remains provisional. After regular demand is realized, the tail is pooled with the surviving uncommitted
inventory and may be reallocated when the policy re-solves; accepted bags are fulfilled at the horizon using
the units protected by the realized current-period components.

For a rounded schedule Z®, the canonical suffix rule induces unit-level reservation indicators: Iff,g =
1 {k: > gy - zl(f)} for every (i,k) € UM, Thus [ f*,g = 1 means that unit (7, k) is temporarily withheld

from the regular channel in period t. Aggregating over units of the same product gives the number of

® s

)

ZT 2\ The remaining residual units are avail-

=t 71,7

product-7 units withheld from the regular channel: z
able to the regular channel. Hence the period- regular display decision is x; ; = min {X i th_l) — zi(f.) } for
every product ¢ € [IN]. Only the schedule’s current component determines the period-¢ bag offers. Thus, the
period-t bag offer is y; = >, €lV] zftt) .

After regular demand is realized, we update residual inventory by removing the units protected for cur-
rent bag offers and the units sold through the regular channel, cjft) = ('jftil) — zl(tt) —min{d, +,z; .} for every
product i € [N]. The difficulty arises from rounding. The residual LP controls the fractional schedule’s row

usage, and marginal-preserving rounding preserves this control only in conditional expectation. A realized
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rounded schedule can therefore have total current-and-tail row usage exceeding the current residual budget.
After its current component is executed, subtracting only the realized current-period usage from the cur-
rent residual budget need not leave enough budget for the realized tail. We instead define the next budget
as the tail’s realized usage plus the conditional slack left by the residual LP. We instead define the next
budget as the tail’s realized usage plus the conditional slack left by the residual LP. For row ¢, define the

current-period soft usage by o, (Z() 2 3, V] a; 2", and the scheduled-tail soft usage by o ,(Z(*)) £

Zf:tﬂ > ielN] ai7gz§fr). The conditional slack is Slack!” £ p{'™") — E[aéyt)(Z(t)) +a§f)>t(Z(t)) S(t_l)}.
The next residual soft budget adds this slack to the tail’s realized usage: b" £ aﬁgt(Z (M) 4 Slack!"” for

every ¢ € [L]. The expectation in the slack is directly computable from the residual-LP solution: marginal

preservation gives
E[of)(29) +02,(20) |54V = 3 apur.

)

(i,k)euU®

Thus no enumeration of rounded schedules is required. Whenever the current residual LP is feasible, this

identity implies Slackgt) > 0 and hence

at'L,(Z20) <bP, 3)

E|o{)(Z2?) +b"

s<H>] =Y, @)

The first relation makes the realized tail feasible for the next soft row; the second ensures that expected
current usage plus the expected next residual budget equals the current residual budget. Because the coeffi-
cients a, , may be signed, the resulting residual budget need not be nonnegative. The tail witness, rather than
the zero plan, certifies feasibility of the next residual LP. The formal definition of the adaptive reservation

policy is given in Algorithm 3.
Feasibility analysis. We now verify that the adaptive reservation policy is feasible for the original problem.

LEMMA 5 (Tail feasibility witness). Fix a periodt < T and a residual state S"~") at which the residual
LP is feasible. Let Z®") be the admissible rounded remaining-horizon schedule drawn from w*®. After the
period-t bag commitments and regular sales are realized, the unexecuted tail of ZY induces a feasible

integral solution to the residual LP at the next residual state S®.

Proof sketch. The canonical suffix rule makes the unexecuted tail physically disjoint from the period-¢ bag
commitments and protected from period-¢ regular sales. Properties (a) and (b) give the remaining hard-
capacity and inventory feasibility. Marginal preservation and residual-LP feasibility make the common con-
ditional slack nonnegative, so (3) gives soft-row feasibility even when the next residual budget is negative.

See Section EC.6.2 for the full proof. O

PROPOSITION 1 (Feasibility of adaptive reservation policy). The adaptive reservation policy is fea-

sible for every sample path and satisfies the bag composition constraints (1) in expectation.
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Algorithm 3: Adaptive Reservation (AR) Policy
1 Initialize S© = ({q: }ieny, {be}eerr), D).

2 fort=1,...,T do
3 Solve the residual LP in LP;(S~V), and choose a suffix-form optimal solution

ut) = {uz(kt)}(i,k)eu(t)'

4 Draw an admissible rounded remaining-horizon schedule Z® for u*(*) using Lemma 4.

5 Display z; ; units for each product i € [N], and offer y, bags, as determined by the rounded
schedule Z®.

/+* Regular demand in period t is realized. =*/
6 Update the residual inventory {g."” }ienv) and the residual soft budget {Egt) }eeqr), and form the
next residual state 5 = ({2 }icpn, {3 beege, DOV (- dia)).

Eft) units for each product i € [N].

7 Fulfill all bag offers over the horizon using z; £ > te[T) ?

Proof sketch. The zero plan makes the initial residual LP feasible, and Lemma 5 inductively keeps every
later residual LP feasible. The hard constraints follow directly from the policy definitions and admissibility:
product availability bounds regular displays, period capacity bounds current bag offers, and the units pro-
tected for those offers are removed from residual inventory and remain available for final fulfillment. For
the soft constraints, (4) telescopes in expectation; the terminal residual soft budget is nonnegative because

the last tail is empty. The full argument is in Section EC.6.3. 0

4.4. Value of Re-solving
At the next period, the policy could simply continue with the unexecuted tail of its previous schedule.
Because that tail remains feasible, re-solving the residual LP can only improve upon this fallback in condi-
tional expected value. This observation yields a one-step comparison that telescopes over the horizon. We
formalize it using the optimal residual-LP value LP,(S~")) and the terminal convention LP;,(S™)) £ 0.
Let P, be the policy’s realized period-t contribution, with terminal waste charged in period 7', so that
S/, P, = PROFIT[AR; I] pathwise.

We use the same unit-value accounting as for the static policy: conditional on a residual state, a feasible
suffix reservation earns the residual regular-only value plus s — vft,i for each reserved unit. This identity
remains valid with negative residual budgets because it depends only on suffix structure and the conditional

distribution of remaining demand carried in the residual state.

LEMMA 6 (One-step residual-LP value comparison). For every period t and every residual state

S=1) reached by the adaptive reservation policy,

E[P,+LP;s1 (SW) [ SU=D] > LP,(S"~Y).
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Proof sketch. Fix the residual state and compare the algorithm to the fixed continuation that executes the
current component of Z® and then follows its unexecuted tail. The canonical suffix rule and (a)—(b) give a
feasible suffix reservation in the residual instance. The unit-value accounting above and expectation over the
rounding, together with (c), identify this fixed-continuation value with the current residual-LP value. The
terminal case follows directly from the empty tail and the convention LP7,(S™)) = 0. Fort < T, Lemma 5
makes the unexecuted tail feasible for the next residual LP, so the next residual-LP value is at least the fixed

tail-continuation value. Combining the two comparisons proves the lemma; see Section EC.6.4. 0

THEOREM 2 (Adaptive weak dominance). For every instance I,
E[PROFIT[AR; I]] > E[PROFIT[SR; I]].

Thus the adaptive reservation policy weakly dominates the LP-based reservation policy.

Proof. Taking expectations in Lemma 6 gives
E[F] > E[LP,(S""V)] —E[LP:(SY)].

Summing over t =1,...,T telescopes the residual-LP values. Using the terminal convention, the pathwise

profit decomposition, and LP; (S®) = LP;, we obtain
E[PROFIT[AR; I]] > LP, = E[PROFIT[SR; I]],

where the equality is Lemma 3. U

COROLLARY 1 (Competitive ratio of adaptive reservation policy). The adaptive reservation policy

1

515, under productwise regular-channel profitability (Assumption 1).

achieves competitive ratio

Proof. The result follows by combining Theorems 1 and 2. O

5. Value of Deferred Assignment

Our baseline model permits deferred assignment (DA): accepting a surprise-bag order creates a fulfillment
obligation without immediately designating the product that will fulfill it. To isolate the value of this flexi-
bility, we compare DA with the immediate-assignment (IA) counterfactual, which irrevocably assigns one
unit of a specified product to each accepted bag before current-period regular demand is observed. DA can
replicate any IA policy by recording each of its product commitments and following its acceptance and
display decisions. Thus, DA weakly dominates IA on every instance. Writing VP4 (I) and V'A(T) for the
respective optimal expected profits,

VPA(D) > V(D).

The substantive question is when the inequality is strict. This flexibility matters when accepting an early

bag is attractive but it is uncertain which product is more valuable to retain for regular sales. DA can use
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later demand information to fulfill the bag with the product that proves less valuable to retain for regular
sales, potentially yielding higher profit than TA.

Weak dominance need not yield a strict profit improvement. The following two examples illustrate dis-
tinct reasons why DA and IA can have the same optimal expected profit: waiting can make DA unnecessary,
or reassignment can make no difference. They differ only in their regular-demand processes. Each instance
has N = 2 products and T" = 2 periods, with ¢; = 1 unit of inventory and X; = 1 regular-display capacity
for each product 7. The per-period surprise-bag cap is Y = 1. The regular reward is r; = 2 for each product
1, the surprise-bag reward is s = 1, and the waste cost is w = 0.

EXAMPLE 1 (WAITING UNTIL THE FINAL PERIOD). Regular demand satisfies

(1,0), with probability 1/2,

dy o, dy5) = (0,0).
(0,1), with probability 1/2. (dr.2, d22) = (0,0)

(d1,1,d2,1) = {

At first sight, DA appears more valuable. After accepting a period-1 surprise-bag order, a DA policy can
display both products in the regular channel, sell one unit there, and use the remaining unit to fulfill the
order, earning 2+ 1 = 3. Under IA, accepting the same order requires assigning it to a product before regular
demand is observed, leaving only the other product available for regular sale. The policy earns 3 if demand
targets the product left available and 2 otherwise, when the other product is used for the period-1 bag and
the unsold product can be used for a period-2 bag. Its expected profit is therefore $(2+1) 4+ 3(2) = 2 < 3.

An IA policy can instead earn 3 by declining the period-1 surprise-bag order. It displays both products in
the regular channel in period 1, so exactly one product sells, and then assigns the remaining unit to a period-
2 surprise-bag order. No policy under either regime can earn more: at most one of the two units can earn the
regular reward of 2, and every other unit earns at most the surprise-bag reward of 1. The optimal expected
profits under DA and IA are therefore equal: waiting until the final period makes DA unnecessary. O

EXAMPLE 2 (WEAK REGULAR DEMAND). Regular demand satisfies
1
d; 1 ~ Bernoulli <4> independently for i =1, 2, dio=0 fori=1,2.

Before period-1 demand is observed, the retailer decides under either regime whether to accept the period-1
surprise-bag order. We consider acceptance and rejection in turn.

If the order is accepted, the source of equality differs from Example 1: even under DA, the retailer must
withhold one unit from regular display to ensure fulfillment if both products have demand. Displaying both
would leave no unit for the bag with probability 1/16. Thus, DA and IA must each withhold one unit from
period-1 regular demand. DA can still choose which product remaining after regular sales fulfills the order,
but this flexibility does not improve expected profit.

If the order is declined, both regimes optimally display both products in period-1 and offer a period-2
bag whenever inventory remains. Because period-2 regular demand is zero, assignment timing cannot affect

this policy.
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Under either regime, direct calculation gives a conditional optimal expected profit of % upon accepting

31

75> acceptance is optimal under both

the period-1 surprise-bag order and % upon rejecting it. Since % >
regimes. Thus, unlike Example 1, IA does not recover by waiting; reassignment instead makes no difference

because regular demand is too weak. The optimal expected profits are therefore both % O

5.1. When Deferred Assignment Creates Strict Value
The two examples show that DA alone need not improve profit. They also suggest that a strict DA-IA
gap can depend on both a limited per-period bag-offer cap and regular-demand uncertainty. We therefore
identify sufficient conditions under which DA has strictly higher expected profit. We focus on symmetric
instances that remove ex ante product heterogeneity and isolate the value of DA. There are N > 2 products
and T > 2 periods. Each product i € [N] has display cap X; = X > 1, initial inventory ¢; £ ¢ 2 T'X, and
regular reward 7; = r. The surprise-bag reward and waste cost are s and w, respectively. In this symmetric
setting, r > s > 0 and s > w > 0. In every period, at most Y > 1 surprise-bag orders can be accepted, and
there are no surprise-bag composition constraints.

Regular demands are i.i.d. across products and periods, with d; ; ~ Uniform{0,1,..., D} for some D €
N:

Pr(d; , = d] de{0,1,...,D}.

D+1’
Let J£ (N, T, X, Y, r, s, w) collect the remaining primitives, and write I = (.J, D). We call I a sym-
metric uniform-demand instance. A policy is IA-feasible (DA-feasible) if it is feasible under IA (DA), and
IA-optimal (DA-optimal) if it maximizes expected profit among [A-feasible (DA-feasible) policies.

Under a limited per-period bag-offer cap, the theorem below gives ordered demand thresholds such that
every integer demand bound strictly between them yields a strict DA advantage. Its upper threshold uses a
surplus polynomial that aggregates favorable inventory-surplus histories in which an additional early bag

can be fulfilled without changing subsequent decisions inherited from the corresponding IA policy. For

n > 0, define
S(n) '=Tz:1(1+n)N<m1>ZN: <N> Z ( J > <Q)j )
' m=1 j=1 ‘7 ny,...,nx >0 LOTERRRNLD ¢ X .

ny+-Anx=j
Zi(:l rnp>mY

Let ¢(.J) be the unique positive solution of

T—S

$(J) + (1+6(1))S(6(J)) = - (©6)
Define the two demand thresholds
X -1, 2Y <(N -1)X,
D; = 7
PR EOX Ly s (v, @
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DU::L+X—1. 8)
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These are sufficient thresholds, not intrinsic boundaries of the region in which DA has strict value.

THEOREM 3. Let I = (J, D) be a symmetric uniform-demand instance, and let DA™ and TA™ denote
arbitrary DA-optimal and IA-optimal policies, respectively. Suppose
(i) Limited surprise-bag offer capacity: Y < (N —1)X.
Then Dy, < Dy. Moreover, if the demand bound D satisfies
(ii) Demand above lower threshold: D > D,; and
(iii) Demand below upper threshold: D < Dy.
then E[PROFIT[DA"; I]] > E[PROFIT[IA™; I]].

The theorem identifies an intermediate-demand regime with a limited per-period bag-offer cap, in which
early bag acceptance is valuable but uncertainty in regular demand makes its product assignment conse-
quential. The following limiting cases explain the role of its three conditions.

Condition (i) excludes effectively unlimited bag capacity. If bag capacity were unlimited, neither regime
would need to accept bags before period 7': both could use only the regular channel through period 7' — 1
and wait until period 7' to accept bags. Under independent product demands, every unit displayed in the
regular channel in period T sells with positive probability. DA must therefore withhold one unit from the
regular channel for each accepted bag. IA can assign those units immediately, so the two regimes have the
same optimal expected profit.

Condition (ii) excludes sufficiently weak regular demand, under which DA has little regular-sale profit to
protect. At the extreme, when w = 0 and D = 0, each product’s regular-only profit is zero. Thus, Assump-
tion 1 holds with equality even though no inventory can be sold through the regular channel. DA and IA
therefore sell as many units through surprise bags as inventory and the per-period bag-offer cap permit and
earn the same profit.

Condition (iii) excludes arbitrarily strong regular demand. As D — oo, a regular-only policy sells
all inventory with probability approaching one. Because regular sales earn more than surprise bags, the
surprise-bag channel becomes redundant in the limit, and the optimal-profit advantage of DA over IA van-
ishes.

Together, these limiting cases explain why restrictions of these qualitative types are needed; they do not

establish the theorem’s exact sufficient cutoffs.

Proof sketch of Theorem 3. By Lemma EC.3, select an IA-optimal policy that displays every unit not
assigned to a bag, up to the regular-display cap. Construct its DA shadow by keeping the same bag accep-
tances and display decisions while postponing product assignments until the end of the horizon. By Defini-
tion EC.1 and Lemma EC.4, the shadow is DA-feasible and has the same realized profit as the IA policy. It

therefore suffices to construct a DA-feasible policy with strictly larger expected profit than the shadow.
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Assume the limited bag-capacity condition in Condition (i). Consider the full-sales reference history, on
which every regular display before the last period sells out. Along this history, the IA-optimal policy either
accepts at least one bag before the last period or accepts none. We analyze these two cases separately.

If IA accepts a bag before the last period on the reference history, then the bag’s product assignment is
fixed before subsequent regular demand is known. From this early-acceptance state, we construct a positive-
probability demand continuation on which DA can reassign the bag to another product and release the
originally assigned product for an additional regular-sale opportunity. The lower demand threshold in Con-
dition (ii) guarantees that this reassignment yields a strictly positive expected gain.

If IA accepts no bag before the last period on the reference history, then it leaves the prefinal bag-offer
capacity unused along that history. We instead construct a policy that accepts one additional period-1 bag
and postpones its product assignment. If IA later accepts a bag, the additional early bag can replace that
later bag without reducing profit. Otherwise, on favorable demand histories, enough inventory remains to
fulfill the additional bag without changing subsequent decisions of the shadow. The upper demand threshold
in Condition (iii) guarantees that the expected benefit from these favorable histories outweighs the possible
loss if the additional bag ultimately requires withholding one unit from regular sale in the last period.

The two cases are exhaustive. In either case, a DA-feasible policy strictly improves upon the DA shadow.

Since the DA shadow has the same profit as the [A-optimal policy, it follows that VP4 (1) > VIA(T). O
The full policy constructions and verification are given in Section EC.7.

5.2. Exact DP Evidence on When Deferred Assignment Adds Value

Examples 1 and 2 show why DA need not create value: IA can sometimes recover by accepting a bag
later, or regular demand can be too weak for the product used to fulfill a bag to matter. We use exact
finite-horizon dynamic programming (DP) calculations to examine how the DA-IA gap varies with regular-
demand strength and the per-period bag-offer cap, identify the operating regimes in which DA has positive

value or no value, and compare these patterns with the sufficient region in Theorem 3.

Numerical setting and exact DP calculation. We consider symmetric instances with N = 3 products and
T = 3 periods. Each product has display cap X = 2 and initial inventory ¢; = T'X = 6. A regular sale earns
r =2, a surprise bag earns s = 1, disposal has zero cost, and there are no bag-composition constraints. The
choices N =T = 3 and X = 2 provide a multi-product, multi-period inventory setting while keeping the
state space tractable for exact DP calculation. Setting w = 0 isolates assignment timing from disposal, while
r =2 and s = 1 make a regular sale worth twice a surprise bag.

For each instance, we solve exact finite-horizon DPs for IA and DA and report the relative DA gain

VDA _ VIA

100 5
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Figure 1 Exact relative DA gain over IA (%) by regular-demand strength and the per-period bag-offer cap.
(a) Independent Uniform{0,..., D} product demands; stars mark the instances satisfying the sufficient
conditions in Theorem 3. (b) Independent Binomial(nq4,1/3) product demands. Each curve corresponds to one
Y €{1,...,6}. All other parametersare N =7T=3, X =2,¢q;=6,r=2,s=1,and w=0.

Demand strength and the per-period bag-offer cap. Figure 1 reports the relative DA gain across per-
period bag-offer caps and demand strengths under two demand families with independent product demands.

Figure 1(a) uses the uniform-demand family in Theorem 3,
d;, "% Uniform{0,...,D},  De{l,...,13}.

The starred instances satisfy the sufficient conditions in Theorem 3, independently of the DP results. Fig-

ure 1(b) changes only the marginal demand family:
d;, "% Binomial(ng,1/3),  ngq€{1,...,13}.

Thus each product-period demand is the number of purchases among ng independent opportunities, each
resulting in a purchase with probability 1/3. The horizontal axes are family-specific demand-scale parame-
ters and are not intended for pointwise cross-panel comparison.

Our numerical results in Figure 1 illustrate both the scope and the limitations of the theorem’s suffi-
cient conditions. In Figure 1(a), every theorem-certified instance has a strictly positive exact DP gain, as
guaranteed by Theorem 3, but strict DA value also extends beyond the certified region. These additional
positive-gain instances are consistent with the theorem imposing simple sufficient conditions rather than
characterizing all instances with strict DA value.’ Under the tightest bag-offer cap, Y = 1, the uniform-

demand gain peaks at 1.17% at an intermediate demand level.

> In additional computational diagnostics, we examined these off-region positive-gain instances using the two policy ideas under-
lying the proof: reassigning an earlier bag and accepting an additional early bag. These diagnostics find strict gains from the same
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Figure 1(b) shows that strict DA value is not specific to the theorem’s uniform-demand family. Under
binomial demand, the gain reaches 0.86% under the tightest bag-offer cap, ¥ = 1.

Taken together, the two demand families reveal a common operating pattern. DA gains are concentrated
at intermediate demand and tend to be largest under tight bag-offer caps. As later bag-offer flexibility
increases, the gains generally contract. At Y = 6, IA and DA coincide throughout the displayed demand
ranges because IA has enough later bag-offer capacity to defer acceptance and avoid costly early product
commitment. At weak demand, little regular-sale profit is at stake; at strong demand, little inventory remains
for product-assignment flexibility to matter. DA therefore matters most at intermediate demand when later

bag-offer opportunities are limited.

6. Numerical Experiments
In this section, we complement the theoretical analysis with a case study of the dual-channel surplus-food
problem. We evaluate how the proposed reservation policies perform under demand distributions calibrated

from transaction data and compare them with natural heuristics and information-relaxed benchmarks.

Data and instance construction. We partnered with a Chinese catering company that operates corporate
cafeterias and obtained transaction-level data from one site whose primary service is weekday lunch. The
dataset records sales of ready-to-eat dishes during the lunch window 10:45-12:45 over the 27 weekdays
in September 2021. Each day’s window is divided into eight consecutive 15-minute periods, yielding a
panel of 27 x 8 = 216 period-level observations. We aggregate items into 12 price categories defined by
their regular price, with r; € {4,5,...,15} CNY. Mean daily sales across all categories total approximately
285 units. Because the dataset records sales rather than latent demand, it does not reveal whether sales are
censored by stockouts; throughout this case study, we use observed sales as a demand proxy.

We calibrate the experimental instance from the empirical data as follows. Initial inventory ¢, o for each
price category is set to twice the observed average daily sales. For each product-period pair (7,t), regular
demand d; ; is sampled from the empirical marginal distribution of observed integer sales for product ¢ in
period t.° Given the limited sample size, we use independent marginal resampling to construct calibrated
instances. We set the bag reward to s = 3, use the product-independent waste cost w = 1.5, set the bag-
offer cap to Y = 60, and take regular-display caps to be nonbinding. To instantiate the average-quality
floor requirement in Section EC.2, we use each product’s regular price as its quality score. We consider
7 € {0,6,8}; each positive setting requires the ratio of expected total regular price to the expected number

of surprise-bag units to be at least 7. The setting 7 = 0 imposes no soft constraint.

Implemented policies. We evaluate the policies and benchmarks defined in Sections 3 and 4 and Sec-
tion EC.9.

ideas beyond the theorem’s sufficient region, although some instances require refinements of the specific policy constructions used
in the proof.

8 If no sale is observed for product 7 in period ¢ on a given date, we record the corresponding sales observation as zero.
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Regular-only greedy policy (RO): It uses no demand-distribution information and never allocates inventory
to the surprise-bag channel, so all sales go through the regular channel.

Uniform-share policy (US): It uses the demand distribution at time 0 and restricts LP-based reservation
policy to a common bag fraction across products.

Certainty-equivalent policy (CE): It uses only mean demand information at time 0 and replaces unit-level
regular values with certainty-equivalent values computed from those means.

LP-based reservation policy (SR): It uses the demand distribution at time 0 and solves the static LP; when
an average-quality floor is active, that floor is included in the LP before the rounded reservation plan
is executed.

Adaptive reservation policy (AR): It uses the demand distribution together with the realized residual inven-
tory and residual soft budget, and re-solves the residual LP period by period.

Offline optimal benchmark (OPT): For the no-floor setting 7 = 0, it uses the demand realization ex post and
therefore represents the fully informed offline optimum.

Ex-ante benchmark (EA): For the active-floor settings 7 € {6, 8}, it solves the ex-ante relaxation LP,,. The
relaxation enforces the bag-capacity and average-quality constraints in expectation, and its optimal

value upper-bounds the expected profit of every feasible online policy.

Evaluation protocol. Each policy other than the ex-ante benchmark EA is evaluated on 1,000 indepen-
dently generated demand realizations from the calibrated demand model. The ex-ante benchmark is com-
puted directly from LP,, rather than simulated. All simulated policies are evaluated on the same demand
realizations to enable paired comparisons. For policies with randomized rounding, we repeat the simulation

over 5 independent random seeds and report averages over both demand realizations and policy randomness.

RO UsS CE SR AR OPT/EA

1,289.86 2,126.33 2,105.14 2,149.33 2,347.35 2,656.55
1,289.86 2,126.33 2,105.14 2,149.33 2,347.35 2,661.99
1,289.86 1,289.86 1,702.60 1,739.53 1,847.56 2,068.77

Table 1 Mean profit at 7 € {0,6,8}. The final column reports the relevant upper bound: OpPT when 7 =0 and
EA when 7 € {6,8}.

oo N O | 3

Main results. Table 1 reports the mean profit at the three settings 7 € {0, 6,8}, and Figure 2 shows the
corresponding profit distributions across demand realizations. The final column reports the relevant upper
bound for each setting: OPT when 7 = 0 and EA when the average-quality floor is active.

The results show three main patterns.

First, routing inventory through the surprise-bag channel creates substantial value relative to the regular-

only baseline. When the average-quality constraint is absent (7 = 0) or nonbinding (¥ = 6), SR increases
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Figure 2  Profit distributions across simulated policies at 7 € {0,6,8}. The EA entries at 7 € {6,8} are

deterministic upper bounds, so their boxes collapse to a line.

mean profit from 1,289.86 to 2,149.33, a 66.6% improvement over RO. AR further increases mean profit
to 2,347.35, corresponding to an 82.0% improvement over RO.

Second, AR consistently improves performance. Across all three average-quality settings, AR is the best-
performing policy in our implementation. Relative to SR, it improves mean profit by 9.2% when 7 € {0,6}
and by 6.2% when 7 = 8. This gain reflects the value of re-solving the reservation problem as regular sales
update the available inventory.

Third, the binding quality floor exposes a limitation of uniform-share reservation. At 7 = 8, the common-
fraction restriction makes zero reservation optimal for US, so its mean profit equals the regular-only base-
line. CE, SR, and AR can instead vary reservation quantities across products and continue to earn higher
mean profits than RO.

Finally, AR remains close to the relevant benchmark upper bound. It achieves 88.4% of OPT when 7 = 0,
88.2% of EA when 7 = 6, and 89.3% of EA when 7 = 8. Equivalently, its mean-profit gap relative to the
benchmark is approximately 10.7%—11.8% across all three settings.

Overall, this case study shows that demand-aware reservation improves dual-channel inventory routing

and that adaptive re-solving adds value across the tested average-quality settings.

7. Conclusion and Future Directions

We studied how a retailer can allocate a fixed inventory of perishable products between regular sales and
surprise-bag commitments over a finite selling horizon. The model captures the tradeoff between preserv-
ing inventory for uncertain regular demand, earning guaranteed bag revenue, and incurring waste costs
on unsold inventory. It also accommodates linear constraints on the expected aggregate composition of
bag allocations. Unit-level regular values provide a tractable measure of the opportunity cost of reserv-

ing inventory. Using these values, an LP-based static reservation policy achieves the optimal competitive



Feng, Lee, Lyu, Zheng: Selling Surplus Foods Through Surprise Bags

29

ratio 1/(2 + w/s) under productwise regular-channel profitability. An adaptive policy that re-solves the
remaining-horizon problem weakly dominates the static policy in expected profit while preserving feasibil-
ity. The static guarantee extends to bags containing a fixed number of units.

The analysis distinguishes the value of revising future reservations from the value of deferring product
assignment for accepted bags. The proposed policies benefit from reservation decisions based on inventory
values, while a separate comparison identifies conditions under which deferred assignment strictly improves
optimal expected profit over immediate assignment. Simulations calibrated from cafeteria sales data further
illustrate the benefit of adaptive reservation across the tested quality-floor settings. These results concern
profit and fulfillment within the specified model; they do not establish the effect of surprise-bag sales on
total food waste or consumer welfare.

Several extensions merit further study. First, endogenous bag composition and requirements imposed
on each individual bag would connect online commitments with a packing problem at fulfillment. Unlike
aggregate constraints in expectation, such requirements would require the retailer to preserve enough inven-
tory of compatible products to assemble every accepted bag. Developing tractable policies with performance
guarantees under these constraints would broaden the framework’s applicability.

Second, uncertain surprise-bag demand, cancellations, and pickup failures would make both revenue and
fulfillment obligations stochastic. Allowing demand to respond to prices and past bag quality would also
connect intraday inventory allocation with customer behavior over repeated selling days. Finally, the current
policies assume a known regular-demand distribution and observation of realized demand. Learning from
limited and potentially censored sales data raises the question of how estimation error and partial demand

feedback affect reservation decisions and their performance guarantees.
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EC.1. Further Related Work

Opaque selling and surplus-food recovery. Our work is related to probabilistic and opaque selling, where
firms sell products without fully specifying their realized identities at the time of purchase [Fay and Xie,
2008, 2015; Huang and Yu, 2014]. This literature shows how delayed product assignment can pool demand
uncertainty and improve inventory utilization, and later work connects opaque selling more directly to left-
over inventory and perishable waste reduction [Li et al., 2019; Ren and Huang, 2022; Sasanuma et al.,
2022]. Surprise-bag platforms bring this mechanism into surplus-food recovery, where retailers sell dis-
counted opaque bags whose contents are determined from end-of-day inventory [Yang and Yu, 2025; Zhou
et al., 2024]. We differ from this literature by studying the operational commitment created by these sales:
bag availability must be chosen before regular demand is fully resolved, while final fulfillment must respect

remaining inventory, waste costs, and bag-composition requirements.

Perishable inventory with secondary channels. Our work is also related to perishable-inventory mod-
els with markdown, clearance, donation, or salvage options. This literature studies how retailers trade off
regular-price sales against spoilage, clearance revenue, and future demand cannibalization, with recov-
ery decisions made either after leftover inventory is observed or jointly with replenishment before current
demand is realized [Cachon and Kok, 2007; Goyal and Sapra, 2024; Hu et al., 2015; Mitra, 2018]. These
models clarify the value of secondary outlets for distressed or aging inventory, but the secondary option
is usually transparent and inventory-facing. In contrast, surprise bags create an opaque, commitment-based
recovery channel: the retailer decides how many bags to offer before final surplus is known, and later assigns

realized remaining products to those commitments subject to bag-composition requirements.

Online allocation and prophet inequalities. Our performance analysis is related to prophet inequalities
and online allocation, where online policies are compared with a clairvoyant benchmark under uncertainty
and feasibility constraints [Alaei et al., 2012; Kleinberg and Weinberg, 2012; Samuel-Cahn, 1984]. This
literature develops threshold- and value-based rules for irreversible allocation decisions, with guarantees
that quantify the cost of acting before future arrivals or values are known. A similar information gap drives
our tight bound: the offline benchmark can route inventory after observing regular demand, whereas an
online policy must commit inventory while demand is still unresolved. In our setting, however, the loss
is specific to perishable surplus recovery, because the commitment trades off regular-channel upside, bag-

channel recovery value, waste cost, and later fulfillment feasibility.
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EC.2. Bag Requirements: Examples and Formulations
This section gives three examples of how the soft composition constraints in (1) can be specified. For clarity,
we write each example as a single constraint row; multiple such requirements can be imposed simultane-

ously by adding rows. A generic row takes the form

) 1< .
Ziem a;Blz] <b, (EC.1)

where a; € R and b > 0. The examples below show how average-quality floor, product-availability caps,

and category-concentration limits requirements fit this form.

Average-quality floor. Surprise-bag quality can affect consumers’ purchase and repurchase intentions, and
realized bag experiences can shape future demand through customer ratings [Sun et al., 2024, 2025; Zhou
et al., 2024]. Let u; denote a quality score for product ¢. The retailer may require the ratio of expected total
quality to the expected total number of units allocated to surprise bags to be at least . When this expected
total is positive, the requirement is

Zie[N] u;E[z;]

ZiG[N] E[zi]

The linear form remains well defined and is satisfied when no surprise-bag orders are accepted. It therefore

fits (EC.1) with a; =2 — u,; and b = 0.

>, or equivalently Z . (u—u;)E[z] <0.
1€

Product-availability caps. Using too much of a particular product for surprise-bag fulfillment may reduce
its availability in the regular channel, where stockouts can affect customer loyalty and future demand [Gao
et al., 2025; Khan and DePaoli, 2024; Rosales et al., 2019]. To protect availability for regular sales, the
retailer may cap the expected number of units of product ¢ € [IV] used for surprise-bag fulfillment at some

limit 2;*** > 0. The requirement is

E[z] < 2™,

This fits (EC.1) with ay = 1 {i’ =4} for i’ € [N] and b = 2™,

Category-concentration limits. An overly concentrated surprise-bag mix may reduce product variety and
make the offering less attractive to consumers. Evidence from surplus-food blind-box settings suggests that
greater product-type variety can increase consumer interest [Sun et al., 2024], while related retail research
links assortment diversity to stronger sales performance [Tian et al., 2024]. To maintain a diversified bag
mix, the retailer may require the ratio of the expected number of units from a category C C [N] to the
expected total number of units allocated to surprise bags to be at most v € (0, 1).
When this expected total is positive, this requirement can be written as
2icc Elzi]

=7 <7, or equivalently (I-7v)>» Elxnl—-v)  Ez]<o0.
ZiE[N] E[ZZ] Z’LGC Zz%C
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When this expected total is zero, the linear form remains well defined and is automatically satisfied. This

fits (EC.1) with
a;=(1—-7)1{ieC}—~1{i¢C}, b=0.

EC.3. Negative Soft-Budget Limits and Competitive-Ratio Collapse

Requiring b, > 0 for every ¢ in (1) ensures that accepting no surprise-bag orders satisfies every soft com-
position constraint. Allowing a negative soft budget can yield a soft composition constraint equivalent to
requiring a minimum expected number of units to be allocated to the surprise-bag channel. The following

result shows that this possibility rules out any positive competitive guarantee.

PROPOSITION EC.1. For every a > 0, there exists an instance I satisfying the productwise regular-
channel profitability assumption (Assumption 1) and having one negative soft budget such that every feasible

online policy 11 satisfies
E[PROFIT[II; I]] < a E[PROFIT[OPT; []].

Proof. Fix a > 0 and choose ¢ € (0,min{1,«/2}). Consider an instance with one product, one period,
and one unit of inventory. Let the regular reward be r = 1/§?, the surprise-bag reward be s = 1, and the
waste cost be w = 0, and let regular demand equal one with probability § and zero otherwise. Set both the

regular-display cap and the bag-ofter cap to one. Impose the soft composition constraint

whose soft budget is negative. Equivalently, every feasible policy must satisfy E[z;] > 1 — 0.

Consider first any feasible online policy. Its surprise-bag decision is made before regular demand is
observed. Since an accepted surprise-bag order must be fulfilled, the single unit cannot simultaneously be
committed to a bag and exposed to regular demand. The soft constraint therefore requires the policy to make
a surprise bag available with probability at least 1 — §. To ensure fulfillment, making a surprise bag available
requires withholding the unit from the regular channel. The unit is therefore available to the regular channel
with probability at most §. Since this decision is made before demand is realized, the probability that the
unit is both available to the regular channel and regular demand equals one is at most 2. Hence, its expected

surprise-bag revenue is at most 1, while its expected regular revenue is also at most §2(1/6%) = 1. Thus,
E[PROFIT[IL; I]] < 2.

The offline optimal policy observes demand before making its decisions. It uses the unit for surprise-bag

fulfillment when demand is zero and sells the unit through the regular channel when demand is one. Its
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expected number of units allocated to surprise bags is therefore 1 — &, so the soft constraint is satisfied with

equality. Its expected profit is

1 2
E[PROFIT[OPT; I]|=1—0+ - > —.
0 «
Finally, the regular-only greedy policy earns expected profit 7 = 1/d > 0, so the instance satisfies Assump-
tion 1. This proves the claim.
0

The loss of any positive competitive guarantee is driven by the interaction between a negative soft budget
and the information structure. A negative soft budget can turn a composition restriction into a requirement
that a minimum expected number of units be allocated to surprise bags, forcing an online retailer to commit
inventory to surprise-bag fulfillment before regular demand is known. The offline optimal policy can instead
satisfy this requirement selectively in low-demand realizations while preserving inventory for rare, high-

value regular sales. The resulting information advantage can be made arbitrarily large.

EC.4. Extension to m-Unit Surprise Bags
We extend the LP-based reservation policy to surprise bags that contain exactly m physical units instead
of a single unit. We retain the aggregate composition model of Section 2, which applies only to the
expected product allocation across all bags and therefore creates no within-bag packing problem. Under this
aggregate-composition model, the additional feasibility issue is that every realized reservation must contain
a number of units divisible by m and therefore correspond to an integral number of complete bags. We
formulate a planning problem, implement its solution without loss, and establish the optimal competitive
ratio 1/(2 + k,,,), where k,,, £ mw/s.

Except that each bag contains exactly m physical units, the model of Section 2 is unchanged. In particular,
its primitives, timing and information structure, regular-sales dynamics, and offline benchmark continue to

apply. The soft aggregate composition constraints remain

D i Bl b €L,

In the one-unit static planning problem, a single reservation vector suffices: each reserved unit supports
one surprise bag, so the total number of reserved units also determines the total number of bags that can be
made available. With m-unit bags, this simplification no longer applies. If the plan makes h bags available,
it must reserve exactly mh physical units. The extension therefore separates the bag count from the unit-
level reservation, as enforced by the branch-cardinality constraints below. At the policy level, the pathwise

fulfillment identity is therefore

ZiE[N} =M Zte[T] Yt
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Both the online policy and the offline benchmark are subject to the displayed fulfillment identity for m-unit
bags. The profitability assumption (Assumption 1) and competitive-ratio definition (Definition 1) continue
to apply. Because s is now earned jointly by m units, we compare the regular reward with the per-unit bag

reward and assume

ri>—>w, i€[N], (EC2)

s
m
which replaces the one-unit ordering r; > s > w in Section 2.

EC.4.1. Planning the Reservation
We continue to use the regular-only baseline, unit indexing, regular values v; ;, and unit set ¢/ from Sec-
tion 3.1 to formulate the reservation plan. The regular-only baseline satisfies

E[PROFIT[RO]| = Vi k-

(i,k)euU

A natural first attempt is to retain the one-unit reservation LP, value each reserved unit at s/m, and
increase its capacity to m1'Y, since each bag requires m selected units. Such a formulation controls only
the expected number of reserved units. After dependent rounding, however, the realized number of reserved
units need not be divisible by m, so the reservation may not correspond to an integral number of bags.

We resolve this issue by conditioning the reservation on an integral total bag count. The total number
of surprise bags made available over the horizon can be at most h™* £ min {TY, LZZ e @ / mJ } This
bound follows because the per-period cap permits at most 7Y bags, and the inventory can supply at most
[ZZ e 4/ mJ complete bags. For each h € {0, ..., h™**}, let branch h represent making h surprise bags
available over the horizon, and let p;, be the probability that the reservation plan selects this branch.

Conditional on selecting branch h, the formulation assigns a fractional reservation with total mass mh.
For each (i,k) € U, let uﬁl . be the joint probability that the plan selects h and reserves unit (i, k). Thus,
ZZZZX uf . is the marginal probability that unit (¢, k) is reserved. This gives the following static linear
program:

jmax

E[PROFIT[RO]] + max Zh_o

— .
Py <Shph Z(i,k)eu vl7kul’k>
hmax
.t. =1
s.t Zh:O Ph )
ph207 h:07'°°7hmaxv
Z(i,k)eu uiy =mhpy, h=0,...., ",

0<uly<pn,  (i,k) €U, h=0,... A",

LPY)

pmax

h
Zh:o Z(i,k)eu ai1eui,k S bl) g S [L],
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The first two constraints specify a randomized integral bag count. The third ensures that, conditional on
branch h, the fractional reservation has total mass mh. The fourth makes the joint reservation probabilities
valid, and the fifth retains the aggregate composition requirements across branches.
To describe the fractional reservation conditional on selecting branch h, for each branch h with p; > 0,
define @" coordinatewise by .
Uj

T LY (i,k) €U. (EC.3)
’ Ph

The following lemma shows that an optimal solution can be chosen so that these conditional reservations
are suffix-form.
LEMMA EC.1 (Branchwise suffix-form optimal solution). There is an optimal solution to (LPL)),
h[nax

denoted ({pn}1— s {ul'y Yn=o,... nmex (i kyeu ), such that, for every branch h with p,, > 0 and every product i,
there exist k! € [q;] and 0 € [0,1] satisfying

0, k<kh
ﬁ?k: o, k=kh,
1, k>kP

where H? i 18 defined in Equation (EC.3).

Proof. Fix an optimal solution. For any branch h with p; > 0, any product ¢, and indices k < k&’ such that
up', > 0and u}';, < ps, choose the smallest such  and the largest such &". Move e = min{u/';, pn —ul’,, }
units of reservation mass from (i, %) to (¢,k’). All units of product i enter the constraints with the same
coefficients, so feasibility is preserved. Since —v; ;. is nondecreasing in k, the objective does not decrease.
Each exchange either sets the chosen lower-index coordinate to zero or the chosen higher-index coordinate
to p,. Hence, after finitely many exchanges, no such pair remains. The coordinates of " for each product

then form a suffix, with at most one fractional coordinate, which gives the stated form. U

EC.4.2. Implementing the Reservation Plan

We apply the dependent-rounding procedure of Chekuri et al. [2010]; Gandhi et al. [2006], described in
Section 3.2. The new step is to first sample a bag-count branch and then round @". As in Section 3.2,
dependent rounding updates only fractional coordinates and leaves every integral coordinate unchanged.
Moreover, because " has integral total mass mh, the exact-cardinality property in Lemma 2 ensures that the

rounded reservation contains exactly mh units almost surely. The complete policy is given in Algorithm 4.

LEMMA EC.2. The m-unit LP-based reservation policy, denoted SR™, is feasible and has expected

m

profit equal to the optimal value of (LP}), i.e.,

E[PROFIT[SR™|] = LP.
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Algorithm 4: m-Unit LP-Based Reservation (SR™) Policy

pmax

1 Find a suffix-form optimal solution ({pp}}_y , {u}' ), }ao,... smax (i,x)er) Of (LPL).

.....

Sample h according to {p, }/—, and set (a")’ <~ DEPROUND(@"), where %" is defined in (EC.3).
Set (@"); 4= Y pepq (@W")i s for each i € [N].
Initialize ¢, < ¢; — (u")} for each i € [N], and g5 < h.

fort=1,...,7 do
6 | Setz;,+ min{X;, ¢ _,} foreachie [N],and y, - min{Y,q; ,}.

[

w

=

wn

/* Regular demand in period t is realized. =/
7 Update qft qf,_; —min{d;,,x;,} for each i € [N], and @ —q’ | — .
8 Partition the mh selected units arbitrarily into h bags of exactly m units, and use these bags to fulfill

the accepted surprise-bag orders.

Proof. We first show that the policy is feasible. The rounding is performed before the horizon and inde-
pendently of demand. Conditional on the sampled branch h, dependent rounding selects exactly mh units.
The policy respects the display-cap and bag-offer constraints. Since h < h™** < TY, the bag-offer rule in
Algorithm 4 makes all h bags available by the end of the horizon. The selected units are never displayed in
the regular channel and therefore remain available for fulfillment; partitioning them arbitrarily into h groups
of size m fulfills every accepted order.

To verify the soft composition constraints, conditional on branch h, for every product i € [N],

_ Y
Zi Zke[qi](u )z,k'

By marginal preservation in Lemma 2, E[(a"); , | h] =, for every (i, k) € U. Thus,

pmax pmax

Elz] = tho Zke[qi] phE[(ﬁh);,k | h] = tho Zke[qi] “?k

Feasibility of (p,u) in (LPZ) then implies that the soft composition constraints are satisfied.

We next consider profit. For each product, only its fractional boundary coordinate can change under
dependent rounding. Hence every realized reservation remains suffix-form. Conditional on a realized
(h, (@")"), the selected units correspond to h complete bags and therefore earn sh. The unreserved units

form productwise prefixes and contribute their corresponding regular values. Hence
m —h\/ __ —h\/
E[PROFIT[SR™] | h, (u")'] = E[PROFIT[RO]] + sh — Z(i}k)eu Ve (W)} -

Taking expectations over the rounding and the sampled branch and applying p,E [(ah); % | h] = uf , again

yields LP.}. O
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EC.4.3. Competitive Performance
The following result extends the one-unit guarantee in Theorem 1 to m-unit bags.

THEOREM EC.1 (Optimal competitive ratio for m-unit bags). For every m, let k,, = muw/s € [0,1].

1
24-Km

Under Assumption 1 and (EC.2), the m-unit LP-based reservation policy achieves competitive ratio
In particular, it is 1/3-competitive over all instances satisfying the two assumptions.
Moreover, this guarantee is optimal for every k., € [0, 1]: for every € > 0, there exists a m-unit instance

satisfying Assumption 1 and (EC.2) with mw/s = k,, such that every feasible online policy earns at most

1
2+Km

+ € times the offline benchmark.

Proof. We first prove that the m-unit LP-based reservation policy achieves competitive ratio 1/(2 + ,,),
and then establish the matching lower bound. The competitive-ratio proof has three steps. We first derive an
offline upper bound using the multi-unit uniform-gain LP, denoted by LP}. We then compare this relax-
ation with the multi-unit static linear program LP[; through a common conditional-suffix-form solution.

Finally, we combine the two bounds with the lossless implementation in Lemma EC.2.

Offline upper bound. As in the one-unit setting, we upper-bound the offline benchmark by replacing the
reservation value of each bag with its maximum possible incremental gain over regular-only profit. A bag
earns s and avoids the waste cost on its m units. Accordingly, each bag contributes at most s + mw to the

improvement over the regular-only baseline. The resulting multi-unit uniform-gain LP is

hmax
E[PROFIT[RO]] + max (5 +muw) tho hpn
hmax
S.t. tho ph = 1,

> 07 h — 07 7hmax7

Ph (LPumg)

h J— max

Z(zk)eu ik = PR, h=0,..., A",

0<uly<pn,  (i,k)€U, h=0,... . k"™,
hmax

oul
Zh:o Z(i,k)eu az1eul,k S b47 E S [L]

OFF and ; be the regular sales of product i under the offline optimal

Fix a demand realization. Let x;
policy and regular-only greedy policy, respectively, and let h°FF be the number of bags made available,
and hence sold, by the offline optimal policy. The regular-only policy displays every available unit up to the

display cap. Hence, for each product i,

PP < min {qi, Ztem min{d; ;, Xl}} = Xi.
Since the offline optimal policy allocates exactly mh°FF units to bags,

PROFIT[OPT] — PROFIT[RO| = Z . (ri +w)(XPFF — i) + (5 4+ maw)hOFF
1€

< (s +mw)h°F,
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On each realization, label the offline bag units of product i as the last z unit indices of that product.

OFF
Set p, = Pr[h®"F = h] and let u!, be the joint probability that 2°FF = h and the labeled suffix contains
(i, k). These variables satisfy every constraint in (LP ), including the aggregate composition rows. Taking

expectations in the pathwise inequality and evaluating (LP}) at these feasible variables gives

E[PROFIT[OPT]] < LPL. (EC.4)

LP comparison. By (EC.4) and the lossless implementation in Lemma EC.2, it suffices to establish

LP7 > max {E[PROFIT[RO]] , — (LP}, — E[PROFIT[RO])) } : (EC.5)

1+ k&,

The constraints > ; ;.\, ul'y, = mhpy, for h=0,...,h™ in the multi-unit static linear program couple
the bag-count probabilities and unit-reservation variables. We therefore compare the two primal relaxations
directly through a common conditional-suffix-form solution. Take an optimal solution (p*,u*) to (LP}});

write its components as pj, and (ul',)* for h=0,...,h™> and (i, k) € U. For every h with p; > 0, define

h \*
a2 G eu
h

By the same exchange argument as in Lemma EC.1, this solution may be chosen so that these conditional
vectors are suffix-form. The solution (p*,u*) is feasible for (LP};). To lower-bound its value in that linear
program, we first show that

max

Y
o (i’k)euvz,k(uz,k) < E[PROFIT[RO]]. (EC.6)

By construction, for every product i, {v;}{., is nonincreasing. Moreover, Assumption 1 implies

i vk > 0. For each j € [¢;],
J
Zk:l vk 2> 0;

otherwise, v; ; <0, so all later values would also be negative, contradicting Zizl v; 2> 0. Now fix h with
p; > 0. The conditional vector defined above is suffix-form, so its complement equals one on a set of lower-
indexed units, zero on all higher-indexed units, and may be fractional for one intermediate unit. Its value is
therefore a convex combination of the values of the two integer prefixes obtained by setting that coordinate

to zero or one. Hence
22;1 Vi k (1 — (Efk)*) > 0.
Equivalently,
ZZ;I ’Uﬂc(ﬂ?k)* < Zi;l Vi k-

Multiplying by p;, summing over products and branches, and using ZZZSX p;, =1 proves (EC.6).
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Then, the objective of (LP.}), evaluated at (p*,u*), is at least

E[PROFIT[RO]] + s tho hop—>
hlnax
> *
2S tho hpy,
S

= LP” —E[P RO
> (LPJ ~ E[ProRT[RO])).

pmax

()
h=0 (i,k)eU vik (tig)

where the inequality follows from (EC.6), and the equality follows from the objective of (LP) at (p*, u*).
By the definition of k,,, s/(s +mw)=1/(1+ k). Since (p*,u*) is feasible for (LP}),

LP >

st —

LP! — E[PROFIT[RO]]) .
i+ (LPJ; ~ E[Pror17[RO])
Because b, > 0 for every composition row, the zero-bag solution is feasible. Hence,

LP. > E[PROFIT[RO]].

Combining these two lower bounds on LP]; and using the lossless implementation in Lemma EC.2 gives

E[PROFIT[SR™]] > max {E[PROFIT[RO]] , (LPy, — E[PROFIT[RO]]) } . (EC.7)

1+ k&,

Putting the bounds together. By Assumption 1 and feasibility of the zero-bag solution in (LP}), respec-
tively,
E[PROFIT[RO]] > 0, LP. — E[PROFIT[RO]] > 0.

For any a,b,x > 0,

b
a+b§(2+/€)max{a, }
1+kK

Applying this inequality with @ = E[PROFIT[RO]], b= LP[; — E[PROFIT[RO]], and x = £, gives

E[PROFIT[RO]]+ (LP}. — E[PROFIT[RO]])
1

1+ k.,

< (2+ K,) max {E[PROFIT[ROH , (LP}, — E[PROFIT[ROY]]) } : (EC.8)

Combining (EC.4), (EC.7), and (EC.8) yields

E[PROFIT[OPT]] < LP
= E[PROFIT[RO]] + (LP}, — E[PROFIT[RO]])

< (2+ Ky ) max {E[PROFIT[RO]] , %

+ Km

(LPy, — E[PROFIT[RO]]) }

< (24 km)E[PROFIT[SR™]],

which proves the guarantee.
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For the matching impossibility result, consider an instance with one product, one period, m units, no

composition constraints, and X; =m and Y = 1. Let

Km, 1+ Kk,

s=1, w=—, 0=——

m m(r +w)
where r > 1, and let regular demand equal m with probability § and zero otherwise. If a surprise bag is made
available, it must be fulfilled. Hence, a feasible online policy cannot make a bag available and expose any
of the m units to regular demand simultaneously. Leaving some units undisplayed without making a bag
available is dominated by displaying them, since each additional regular display has expected incremental

profit 6(r + w) > 0. The only undominated online decisions are therefore to make a bag available or leave

all m units in the regular channel. Their expected profits are, respectively,
1 and omr —(1—9)mw=1.

Thus, every randomized online policy earns expected profit at most 1. The offline optimal policy observes
regular demand before making this decision: it chooses the regular channel when demand is m and the

surprise-bag channel otherwise, so the offline benchmark is
omr+(1—=9) — 24k, as r — oo.

Hence the competitive ratio approaches 1/(2 + k,,). The construction satisfies Assumption 1 because the
regular-only greedy policy has expected profit 1, and (EC.2) holds for sufficiently large r. Choosing r

sufficiently large proves the matching lower bound. g

Relation to the one-unit model. When m = 1, k,,, = w/s, so we recover the guarantee and matching lower

bound of Theorem 1.

Scope of the extension. This extension imposes composition requirements only on the aggregate expected
allocation. Requirements on the contents of each individual bag would couple reservation with a separate

combinatorial packing problem and are not covered by Theorem EC.1.

EC.5. Proofs for Section 3
EC.5.1. Proof of Lemma 2

Proof. Consider one pairwise update applied to fractional coordinates ¢ and j. Conditional on the current
vector y, the expected value of coordinate ¢ after the update is

o (yi +67)+ o
st 5t +6-

(yi —07) =i

The same calculation applies to coordinate j, while all other coordinates remain unchanged. Thus, every

pairwise update preserves each coordinate in conditional expectation. If a final Bernoulli rounding is needed,
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it also preserves the remaining fractional coordinate in conditional expectation. Repeated application of the
law of iterated expectations therefore gives E[y;] = x; for every j € J.

Each pairwise update also preserves y; + y; exactly and, by the definitions of ™ and 0, makes at least
one of the two selected coordinates integral. Hence, the procedure terminates with at most one fractional
coordinate, while the total remains ), ;.

If no fractional coordinate remains, the result follows. Otherwise, let ¢ be the remaining fractional coor-

dinate. Since all other coordinates are integral,

Yi= ZjEJ$j B {ZjeijJ '

The final Bernoulli draw therefore rounds the total to either [, @;] or [3 ., x;], completing the proof.

O
EC.5.2. Proof of the Competitive Guarantee in Theorem 1
We first upper-bound the offline benchmark by the following uniform-gain LP:
E[PROFITRO; I|| + + i
[ [ Il  ax, Z(i’k)eu(s w)u; g
e <
s.t. Z(i,k)eu u, <TY, (LP,,)

Z(M)eu a; ik < by, te[L].

Let 2 be the number of units of product ¢ allocated to surprise bags by OPT. For each product 7, choose

a suffix-form vector {u; x }repq, € [0,1]% such that

i :E * .
Zke[qilu = Elz]

Such a vector exists because 0 < E[z}]| < ¢;. By feasibility of the offline optimal policy, this vector satisfies
the bag-capacity and composition constraints of LP,.

On every demand realization, the regular-only greedy policy makes at least as many regular sales of each
product as the offline optimal policy. Relative to this baseline, assigning a unit to a surprise bag yields at
most s + w: this gain occurs when the unit would otherwise remain unsold, whereas assigning a unit that
would sell regularly changes its contribution by s — r; < 0. Hence,

PROFIT[OPT; I] < PROFIT[RO; I] + (s +w) > 2.

i€e[N] *

Taking expectations, the right-hand side equals the objective of LP,, at the feasible vector above. Therefore,

LP,, > E[PROFIT[OPT; []]. (EC.9)
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Proof of Theorem 1. By (EC.9), it remains to prove
(2+ K)LPy > LP,,.

To prove this, we compare the dual forms of LPg and LP,, on a common augmented row set, with row
0 for the bag-capacity constraint and rows 1,..., L for the soft-constraint rows. For any product ¢ € [N],
let a; € R¥*! denote the common coefficient vector of its units in this augmented system, with (a;)o = 1
and (a;), = a; 0 for £ € [L]. Let b be the corresponding right-hand-side vector, with (b), =7Y > 0 and
(b), =b, >0 for £ € [L]. Using the dual forms derived in Section EC.8, we have

LP,, = E[PROFIT[RO; I]]+ min {bT)\+Z(_k)eu(s—vi,k—aj)\f},

A€E[0,00) L1

- X . T AT +
LP,, = E[PROFIT[RO; I]]+ min {b M+Z(i7k)eu(s+w a; p) }

pn€ef0,00)L+1

Let A\* be an optimal dual solution for LPy, and set p £ (1 + k)A*. Since A* > 0, p is feasible for the

dual of LP,,. Therefore, evaluating the dual objective of LP,, at 1 gives
< : T —a, )" :
LP,, <E[PROFIT[RO;I]] + b pu+ Z(i’k)eu (s+w—a] ) (EC.10)
Moreover, since (b), >0 for all £ € {0} U [L],
b = (14+r)b"A\<(24+kK)b" A" (EC.11)

For any product i € [N], denote o; = a;] \*. Then a, t = (1 + x)a;. Combining (EC.10), (EC.11), and the

regular-only baseline identity, it remains to prove the following fixed-product inequality for each i € [N]:

(1 + ’i) Zke[‘h’] Vi T (2 + ’i) Zke[‘h‘]
>q(s+w—(1+r)a)" (EC.12)

(5 —Vik— %) !

Fix any product i € [N]. For notational simplicity, we omit subscript 7 on v, ¢, and «.. The second sum on

the left-hand side of (EC.12) is nonnegative, so it suffices to prove
! vy —a)t] > -1 I EC.13
( +K)Zk-€[<1] [Uk+(s vk — ) ] _q(s+w ( +’{)O‘) ( )

If s+ w— (1+ k)a <0, the right-hand side of (EC.13) is zero. By the product-level decomposition,
Yok elg Uk is the expected regular-only profit of this product, which is nonnegative under Assumption 1. The
remaining term inside the brackets on the left-hand side is a sum of positive parts and is nonnegative. Thus,
the left-hand side is nonnegative as well. Otherwise, the right-hand side equals q(s +w-—(1+ /-s)oz), and

for every k € [q],

vk—i-(s—vk—a)JrZs—a, (EC.14)
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since (z)* > z. Using (EC.14) and ks = w, we obtain

(140, [+ (5= —0)] ~g(s+w—(1+x)0)
>q[(1+r)(s—a)— (s+tw—(1+kr)a)]

=q(ks —w)=0.
This proves (EC.13), completing the proof. g

EC.6. Proofs for Section 4
EC.6.1. Proof of Lemma 4

Proof. First record the rounded total selected by the construction. The total-sum guarantee of dependent

} : £(t) 2 : (t) } : (t)

iE[N}fi 6{{ ie[N]fi J’{ 116[N]fi —‘}

Y SIS S Cr= ) N U N D SR
Zo i€[N] Lu“'J + i€[N] fi" e { { i€[N] u“‘J ’ [ i€[N] ul-‘ } ’

By feasibility and the remaining-horizon capacity constraint,

(.t) — (t) < _
ZiE[N] Yi Z(i,k)ewt) Uig = (T t+ 1)Y

Since (T'—t+1)Y is an integer, ) < (T —t+1)Y.

rounding gives

Thus

We next verify that the balanced load construction is well defined and respects capacity. Let H, =T —
741 and M, 2 m®. We claim by induction that 0 < M, < H,Y. This holds at 7 = ¢ by the bound above.
If M. =0, then z(tT) = 0. Otherwise,

)

M,
1<2®= [H w <min{M,,Y}.

T

Hence M, 1 =M, — z.(,tT) > 0. Moreover,

M
Mr+1 <M, - FT < (Hr - 1)Y =H. .Y

This proves the induction. At the final period Hy = 1, the formula gives z(? = My, so m(TtiLl = 0. Therefore
each period load is at most Y, and the loads contain exactly z.(f.) slots.
Because the total number of slots equals isz), the slots can be filled with product labels having the

T _ 1)
roi Zir = % for every

prescribed product counts. This defines nonnegative integer counts zftT) with >
product i.
We now verify the four properties in Definition 3.

For (a), note that the construction assigns exactly z(tT) product labels to period 7, with Z(Q <Y.Hence

Z zi(tT)SY, T=t,...,T.
ie[N] "
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For (b), the construction sets z Lu(t)J + /. Since u(t) <" " and ¢V is integer, we have z( )<

~ 1
.

For (c), fix a product i and write u{” = |u"” ] + f{" with f"’ € [0,1). Since u(® is in suffix form, the
last Lugt)J residual units of product ¢ have reservation probability one, the preceding boundary unit has
reservation probability fi(t) if fi(t) > 0, and all earlier residual units have reservation probability zero. By

dependent rounding,
E [ g

Therefore selecting the last zi(f) = Lugt)J + fi(t) residual units gives

S(tfl)} — fi(t)’ i€ [N].

E [Ii(,tk), S(t—l)} _ uft])w (i,k) €U,
Finally, for (d), fix any cutoff period s. The number of product-i units scheduled in periods s,...,T" is
Zf s ftT) By the canonical suffix rule, these are the last ZT s Z(T) residual units of product 4, and therefore
form a suffix of [g; G- 1)}, 0

EC.6.2. Proof of Lemma5

5

Proof. By (d), the unexecuted tail consists, for each product ¢, of the last Z 41 Zir

residual units. By
construction, these units are withheld from the regular channel in period ¢. Since the canonical suffix rule
assigns earlier periods earlier units within the selected suffix, the units protected for current-period bag
offers are disjoint from the tail, so the tail units remain physically available in the next residual state. The

remaining-period bag capacities hold by (a):

)

Yoo 2U<y,  r=t+1,...T
1€[N]

, and hence

More explicitly, period-¢ regular sales are at most q(t n_ »(f.)

~(t t t t
qg ) > Zz() _ zi(’t) Z Z( )

T=t+1

By the canonical suffix rule, after the period-t protected units are removed, regular sales occur only outside
the tail, and surviving units are re-indexed, the tail-scheduled units form a suffix for each product. Thus the
tail induces an integral residual plan.

It remains to check the residual soft rows. The canonical suffix rule assigns the current-period counts and
the unexecuted tail counts to disjoint portions of the same selected suffix; their union is exactly the set of

residual units with I ft,z = 1. Therefore, for each row /,

t

s

S
=

N>

t t
O-é,t) (Z(t)) + Ué,lt(z(t)) = Z(i.k)eu(t) it
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Taking conditional expectations and using (c),

E[r}(27)+of(20)|s¢] =0 L arld.

(i,k)eu®

Since u*® is feasible for the residual LP, the right hand side is at most l;Et_l), and hence Slack?) > 0.
Therefore,

0,2,(29) < o(L,(29) + Slack;” = b{".
Thus the unexecuted tail is feasible for the next residual LP. O

EC.6.3. Proof of Proposition 1

Proof. We first show that the policy is well defined. The initial residual LP is feasible because b, > 0 and
the zero plan is feasible. Suppose the residual LP is feasible at the beginning of period t < 7. By Lemma 5,
after period ¢ is executed, the unexecuted tail of the admissible rounded schedule induces a feasible integral
solution to the next residual LP. Hence the next residual LP is feasible. By induction, the residual LP is
feasible whenever the policy solves it.

We next prove the hard constraints. For the regular-display constraints, the policy displays

Tt = miH{Xi,(L(til) — Z(t } .

i,

By (b), 0 < sz_) < (’j(tfl). Hence we have z; ; < (j(tfl) < g;1—1, so the inventory constraint holds pathwise.

7 7
The same definition gives z; ; < X, so the regular-sale cap constraint holds pathwise.

For the per-period bag-cap constraint, (a) gives

= (1) <
& Zie[N] i =Y,

so bag-display cap constraint holds pathwise.

It remains to verify the two fulfillment constraints. At the end of the horizon, the policy sets

= (t) j
i Ztem Zit) i€ [N].

ftt) , this gives

ZiE[N} Zi= Zte[T] Yi,
)

so the policy allocates exactly one unit to each accepted bag. Moreover, the zgft units protected for period-¢

Together with y, =3,y 2

bag offers are removed from the residual inventory and are never pooled, displayed, or sold later. Hence

they remain available for final fulfillment, so

2 < i, i€ [N],
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which establishes productwise inventory availability for final fulfillment.

Lastly, we prove the soft constraints. Fix a row £. By (4),

E |5

S(t—l):| _ Eét_l) _E [Ué,tt) (Z(t)) ’ S(t—l)} )
Taking expectations and summing over ¢t =1,...,T', with l;éo) = b, gives

> B[] =b B[],

After the last update, the scheduled tail is empty, so lN)f) = SIackéT) > 0. Hence

T
Zt_lE{Ué,tt)(Z(t))] < by.

Since
Ué? (ZW) = Ziem QieZ
we obtain
Zie[N] @ ol [Zj_l Zi(,tt)] < by.
Thus (1) holds for row ¢, and hence for all £ € [L]. O

EC.6.4. Proof of Lemma 6
Proof. Fix S®Y, and let u**) be a suffix-form optimal solution of the residual LP. Let Z*) be the admis-
sible rounded schedule drawn from u*(*).

After Z®) is drawn and period ¢ is executed, let C; (S W,z (t)) denote the expected value, conditional
on the realized next residual state S® and on the unexecuted tail of Z*), of committing the tail units to
future bags and running the remaining residual units greedily through the regular channel from period ¢ + 1
onward. This continuation value is a random variable because it depends on the realized next state. When
t =T, the tail is empty and this continuation value is zero.

First consider the fixed continuation that executes the current-period part of Z(*) and then follows the
unexecuted tail of the same schedule. Conditional on S*~1) and Z(*), this continuation assigns residual
unit (4, k) to the surprise-bag channel if ft,z = 1: units in the current component are protected for period-¢
bag offers, and units in the tail are used in the fixed continuation. All other residual units are left for the
regular channel. The period-¢ profit P, contains the regular sales and bag rewards realized in period ¢. The
tail-continuation value contains only the expected future contribution from periods ¢t 4+ 1,...,7, including
future bag rewards and the terminal waste cost on residual units not assigned to bags. Thus their sum is the
value of this fixed suffix reservation in the residual instance. The canonical suffix rule, together with (a) and
(b), provides the required suffix form and schedule feasibility. The unselected prefix is run greedily through

the regular channel, so each unselected unit (i, k) contributes its residual regular value Uft,z in expectation,
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while each selected unit contributes s. Because the residual state carries the conditional distribution D® ( - |
dy.;_1), these residual values are exactly the conditional expected contributions given the current state and
schedule. The random seed used in period ¢ to draw Z® is independent of the demand process and the

policy’s preceding random seeds, and hence of remaining demand conditional on S*~). Hence

E[P,+ Cpia (8 2) | S0, Z20] = Z(i,k)eu@) U’(t’z * Z(i,k)eu@f) (S B vf%) I’(’t’z'

Taking conditional expectation over the randomization used in period ¢ to draw Z*) and using (c),

B[

SUV =, k) eu,

we obtain

E [Pt +Cia (S(t)3 Z(t)) ’ S(til)] - Z(i,k)eu(ﬂ vft,l + Z(i,k)eu(t) (8 B Ul(ti) u:(,f)

Since u**) is optimal for the residual LP, the right-hand side is exactly LP,(S¢~1).

If t =T, the tail-continuation value is zero, so the terminal convention immediately gives the claimed
inequality. Suppose henceforth that £ < 7.

On every realized branch, Lemma 5 shows that the unexecuted tail of Z(*) induces a feasible integral
solution to the residual LP at S®). In particular, the induced tail solution has suffix form and can be offered
and fulfilled over periods ¢ + 1,...,T within the remaining bag-offer cap. Applying the same unit-value
accounting to this next residual instance, the objective value of the induced tail solution is C'; 14 (S ®, 7z (t)).

Hence, by optimality of the residual LP at the next residual state,
LP, ;1 (SW) > Cpyy (S5 21) almost surely.
Combining this inequality with the previous display proves the claim. g

EC.7. Proof of Theorem 3

Throughout this section, we work in the symmetric uniform-demand setting of Section 5.1: N, T > 2,
Xi=X>1,¢=TX,r;,=rforalliec[N],Y >1, and there are no soft bag-composition constraints.
We assume > s > 0 and s > w > 0, with d,; i.i.d. Uniform{0,1,...,D}. We call periods 1,...,7 — 1

prefinal.

Proof strategy. Let DA™ be a DA-optimal policy. We will select an IA-optimal policy IA* and construct its
DA shadow policy. The shadow is DA-feasible and has the same profit as IA™ on every demand path. To

prove the theorem, it is therefore enough to construct a DA-feasible policy DA’ satisfying

E[PROAIT[DA’; I]] > E[PROFIT[IA"; I]].
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The remainder of the proof constructs two complementary DA policy witnesses: one reallocates an existing
bag commitment inherited from IA, and the other creates an additional period-1 bag commitment. The

optimality of DA™ then proves the theorem.

Before constructing the DA shadow policy, we select an IA-optimal representative that displays every
available unit not assigned to a surprise bag, up to the display cap. The next lemma shows that this full-
display property is without loss of optimality. We now introduce the IA notation needed to state it precisely.

Under IA, a product unit is immediately assigned to each accepted surprise bag. For each product ¢ and
period t, let cjgt_l) denote the units available at the period-¢ decision, after regular sales and bag assignments
in periods 1,...,t — 1. Let 2, , be the units of product 7 assigned to bags accepted in period ¢, and let z; ;, be

the units displayed through the regular channel. IA feasibility requires
~(t—1) .
Zigtxi e <q 7, i€ [N], telT].

LEMMA EC.3. There exists a deterministic Markov IA-optimal policy TA™. Its period-t decision depends

only on the IA state (t, ((fjl(t*l))ie[N]). Moreover, on every realized demand path,
21, = min {X, gy — zm} . i€[N], telT). (EC.15)

The proof is deferred to Section EC.7.1.

DEFINITION EC.1 (DA-SHADOW OPERATOR). Define the DA-shadow operator DA(-) on the class
of nonanticipative IA-feasible policies as follows. For any such policy 7, couple 7 and D.A(7) through the
same realization of 7’s internal randomness. In each period, D.A(7) reproduces the bag-acceptance and
regular-display decisions that m would make after the same preceding demand history and corresponding
preceding IA decisions, but postpones each product-unit assignment until the end of the horizon. At the

horizon, it fulfills each bag with the product unit that 7 assigned to that bag.

LEMMA EC.4. For every nonanticipative IA-feasible policy 7, D.A(7) is a nonanticipative DA-feasible

policy and has the same profit as  on every joint realization of demands and 7’s internal randomness.

The proof is deferred to Section EC.7.1.
Fix the deterministic Markov full-display IA-optimal representative IA™ supplied by Lemma EC.3. For

t € [T, write its uncommitted residual-inventory vector as

g & (qgt_l))ie[N]-

In each period, DA(IA) accepts the same number, -, y; 2, of bags and displays x;; units of each
product ¢; it postpones the corresponding product-unit assignments until the end of the horizon. For each
product i and ¢ € {0, ..., T}, the shadow records the cumulative IA bag assignments through period ¢ as

t

VARSES Zu:l Ziu Zio:=0, i € [N].
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Let d; ; denote regular demand for product ¢ in period ¢. To reproduce the IA decision sequence, the shadow

tracks the remaining inventory after IA bag assignments and regular sales:

" =q" — 2, —min{d;, z:,}, ie[N], te[T).

The next lemma formalizes this reassignment. If a product unit assigned by IA to a prefinal bag can
instead be displayed in period 7', while a unit of another product can fulfill that bag, it constructs a feasible

DA policy and identifies when that policy strictly improves upon the DA shadow.

LEMMA EC.5. Consider DA(IA"), the DA shadow defined in Definition EC.1 for the full-display IA-
optimal policy TA*. Suppose the DA shadow reaches a prefinal state with positive probability. At that
state, let (§7=V, Zp_1) denote its uncommitted residual inventory and cumulative IA bag assignments. Let

(zr,x7) denote the period-T shadow decision at that state. Suppose there exists a product j such that
Zir-121, rjr < X. (EC.16)

Thus, the shadow’s recorded bag assignment includes a product-j unit inherited from a prefinal IA bag
assignment, while product j is under-displayed in period T'. Suppose that at least one of the following
feasible and strictly profitable reassignments is available:

(a) Idle-unit reassignment. There exists a product k # j such that
Q~£T_1) — 2 — T > 1, (EC.17)
and the resulting expected profit gain is strictly positive:
(r+w)Pr(d;r >x;r+1] > 0. (EC.18)
(b) Bag-replacement reassignment. There exists a product k # j such that
zrr 21, (EC.19)
and the resulting expected profit gain is strictly positive:

(r4+w)Prid;r > x;r+1]—(s+w) > 0. (EC.20)

Then there exists a nonanticipative DA-feasible policy that revises the product assignment of a previously
accepted bag and uses the resulting flexibility to create an additional period-T display. Its expected profit

is strictly larger than that of the shadow.
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Proof. Both constructions use the same local reassignment. If the specified prefinal state is reached, the
policy uses one product-j unit assigned by IA to a prefinal bag for an additional period-7" display. At the
horizon, the selected prefinal bag receives a product-k unit instead; every other recorded bag assignment
follows the shadow. For either reassignment, choose a product k satisfying its donor condition. The reas-
signments differ only in the source of that replacement unit. In the idle-unit reassignment, the product-k
unit is idle. In the bag-replacement reassignment, it would fulfill a bag accepted in period 7", and the policy

declines that bag at its period-1" decision.

Feasibility. In both constructions, the modified policy is feasible. Because the shadow postpones the product
assignment for the selected prefinal bag, its product-; unit can be reassigned. Moreover, because the shadow

is derived from the full-display IA-optimal policy IA" and z; r < X, the full-display property implies

_ ~(T-1)
L1 = 4q; 24T

Thus every product-7 unit remaining after the period-1" bag decision is displayed. The reassignment there-
fore creates exactly one additional display opportunity and one unit of bag-assignment shortfall. An idle
product-k unit exists by (EC.17) and supplies the replacement in the idle-unit reassignment. In the bag-
replacement reassignment, (EC.19) identifies a product-k unit assigned to a period-7" bag. Declining that
bag eliminates the need for this unit, which can therefore replace the reclaimed product-j unit. All other

recorded bag assignments and displays remain unchanged.

Profit gain. Relative to the shadow, the modification reallocates one product-j unit from a prefinal bag to

the period-T" display and replaces it with a product-k unit. The additional display sells precisely when
dj,T > XjT + 1.

Because period-T" demand is independent of reaching that state, the conditional probability of this event
equals its unconditional probability. Under idle-unit reassignment, the donor product-£ unit would otherwise
be wasted. If the additional display sells, the modification earns one regular-sale reward and avoids one
unit of waste, for a gain of r + w. If the additional display does not sell, one unit is still wasted, now from

product j rather than product &, so profit is unchanged. Therefore, the conditional expected gain equals
(7" + ’(U)Pr[dLT Z ZjT + 1] .

Under bag-replacement reassignment, the period-7" bag is declined. If the additional display sells, the
modification gains one regular-sale reward and loses one bag reward, for a gain of r — s. If the additional
display does not sell, the reclaimed product-j unit is wasted and the bag reward is lost, for a gain of —s —w.

The conditional expected gain equals

Pr[dij Z $j,T + 1} (7’ — S) + (1 — Pr[dj,T Z xj,T + 1]) (—S — 'l,U)7
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which simplifies to

(r+w)Prld;r >x;r+ 1] — (s +w).

Using a fixed tie-breaking rule, the policy determines the prefinal state, the product &, and the modified
period-T' display from demands observed through period 7' — 1 and the simulated deterministic Markov
shadow decision. It makes the modified bag assignment only after observing period-71" demand. Thus the
policy is nonanticipative. In each reassignment, the policy agrees with the shadow unless it reaches the
specified state, so its profit difference from the shadow is zero otherwise. Because that state has positive
probability, a strictly positive conditional expected gain given that state yields a strictly positive uncon-
ditional expected gain. The respective positivity conditions (EC.18) and (EC.20) therefore imply that the

constructed policy has strictly larger expected profit than the shadow. O

We call the prefinal demand history in which every product’s demand equals X in every prefinal period
the full-sales reference history.

Lemma EC.5 exploits flexibility in an existing bag commitment. We now consider the complementary
case in which the IA-optimal policy accepts no bag before the last period on the full-sales reference history.
The next lemma gives a DA policy witness that exploits this unused early bag capacity. It accepts one
additional period-1 bag and postpones its product assignment. While this additional commitment remains
pending, the policy otherwise follows the DA shadow. The commitment is eventually resolved either by
replacing an omitted later shadow bag, by inventory surplus that guarantees fulfillment, or, if neither occurs,
through a final-period fallback.

Under the demand condition D > X used in the next lemma, set

X
C .

— mar r—w
= m, Po = (1+C) N, UT g:: C (ECZ])

14+¢°

Here ( is the one-product odds of a positive full-display leftover relative to a full sellout, p, is the cor-
marg

responding probability that all products sell their full displays in one period, and v, ° is the expected

marginal profit contribution of the last unit of a full final-period display.

LEMMA EC.6. Consider the DA shadow DA(1A") of the deterministic Markov full-display IA-optimal
policy IA™ fixed above. Suppose that IA™ accepts no bag before the last period on the full-sales reference
history. AssumeY < (N —1)X and D > X. Then there exists a nonanticipative DA-feasible policy 7 that
accepts one additional period-1 bag and postpones its product assignment. With (, po, and vy ""® defined in

(EC.21), and S(-) defined in (5), its expected profit gain relative to the shadow satisfies
E[PROFIT 7% I| — PROFIT[DA(IA"); I]] > pg " [(s +w)S(¢) — (vp™e — 3)1 : (EC.22)

Moreover, if D < Dy, with Dy defined in (8), then this expected gain is strictly positive.
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Proof. We first construct the policy and verify its feasibility. We then identify the inventory-surplus events

that secure the additional commitment and bound its expected gain.

Policy construction and feasibility. Because period 1 occurs before any demand is observed and the initial

state is deterministic, IA* accepts no bag in period 1 on any demand path. Since Y > 1, 72dd

can accept
one additional period-1 bag. This additional commitment is never cancelled. Until it is replaced or secured,
call the additional commitment pending. The pending commitment is resolved only in one of three ways:
replacement by a later shadow bag, securing through inventory surplus, or the final-period fallback. While it
is pending, w244 copies every shadow display, except for the one-unit reduction in the final-period fallback.

If the shadow accepts at least one bag in a later period, 744

accepts one fewer bag in that period. The
period-1 bag then replaces the omitted shadow bag: at the horizon, it receives the product unit that the
shadow would have assigned to the omitted bag, while all other shadow assignments are unchanged. The
policy thereafter copies every shadow decision.

Before such a replacement, no shadow bag has been accepted in an earlier period. At the beginning of
every pending period, the physical inventory of 7244 therefore equals the uncommitted residual inventory
¢"*~1, so every copied shadow display is feasible. Indeed, any shadow bag accepted while the commitment

is pending would replace it immediately. Therefore, if the commitment remains pending after the period-t

bag decision for ¢t < T', then z; ; = 0 for every product ¢, and

{V>(T-t+1)X,  ie[N].

'3 il

The full-display property then gives z; , = X. Even if every such display sells, at least (7" — ¢) X units of
every product remain afterward. Hence no prefinal display reduction is required while the commitment is
pending.

If the commitment reaches period T still pending, a period-7' shadow bag again replaces it if one is

accepted. Otherwise, 7244 copies the shadow display whenever

> (@7 ) 2L

using an undisplayed unit for the additional bag. In the remaining case, no period-7" shadow bag is accepted,
so z; 7 = 0 for every product i. Because the commitment is pending, no shadow bag was accepted earlier
either, and the same no-prior-bag argument gives (j(Tfl) > X. The full-display property therefore gives
x,; r = X. The failed residual-capacity condition makes this residual-capacity sum equal to zero; since each
summand is nonnegative,

~(T—1)

q; =z, 7 =X, i€ [N].

The policy withholds one unit from the smallest-index shadow display and reserves it for the additional bag.

Thus the construction is DA-feasible on every demand path.
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Pathwise profit comparison. The policy construction above has three economically distinct outcomes. If
a later shadow bag replaces the additional commitment, the modification leaves profit unchanged. If the
additional commitment is fulfilled in addition to all shadow decisions, the policy earns one additional bag
reward and avoids one unit of waste, for a gain of s + w. The remaining possibility is that the commitment
must ultimately be fulfilled through the period-T fallback, which may sacrifice one regular-sale opportunity.
We will show below that a negative gain can arise only on the all-zero-leftover prefinal history.

To lower-bound the expected gain, it therefore suffices to identify a tractable collection of paths on which

fulfillment in addition to all shadow decisions is guaranteed.

A tractable family of favorable surplus paths. We formalize the inventory-surplus resolution through the
following certification condition. After period-u demand while the commitment remains pending, declare

it secured if

> @ > N(T—u)X + (T —u)Y. (EC.23)

Once secured, 7244

copies every subsequent shadow decision. Over the remaining horizon, regular sales
can consume at most N (7" — u)X units, while future shadow bags can require at most (7" — )Y units
for fulfillment at the horizon. The strict inequality therefore leaves at least one inventory unit beyond all
possible future shadow uses. That unit fulfills the additional bag, yielding profit gain s + w relative to the
shadow.

We next identify disjoint surplus events satisfying this condition.

If all X units of every product are displayed in period ¢, let
N .
K;:=3)  (X—min{d,,X}), Pk, =0]=p.

Conditioning on the number and leftover amounts of products with positive leftover yields

L (V) () o
Do _Zy‘:l j an """ px20 g,y ) \X ) (EC24)

nitotnx=j
Zf‘(:l e >b

For each m, (EC.24) identifies the odds-normalized probability of more than mY units of full-display
leftover. Substituting these probabilities into the corresponding terms of (5) gives
S(¢) = Z::l py "Pr[K, >mY]. (EC.25)
Form=1,...,T —1, define
E,={Ki=-=Kr_p, 1=0, Kp_,, >mY}.

For m =T — 1, the zero-leftover prefix is empty. These events are disjoint. On E,,,, its zero-leftover prefix

reproduces the reference predecision states, so the Markov policy accepts no shadow bag through period
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T — m. The additional commitment is therefore pending when period-7' — m demand is observed. After
that period,
Z}q(T"”) =NmX + Krp_,, > NmX +mY,

K2

so (EC.23) secures the commitment and yields gain s + w. By independence across periods,

T-1

Y PrE.]=p;'S(0). (EC.26)

Expected-gain bound. Let A*14 be the realized profit difference from the shadow. The certification events
contribute s + w each. If a later shadow bag is accepted while the commitment is pending, the additional
commitment replaces that bag, and the gain is zero. Consider every remaining path outside the all-zero-
leftover prefinal history. Let o < T' be the first period with K, > 0. The preceding zero-leftover periods
reproduce the reference predecision states, so the shadow accepts no bag through period ¢. Because K, > 0,
some product ¢ has more than (7' — o) X units after period o. If no later shadow bag replaces the commit-
ment, the remaining regular displays can sell at most (7' — o) X units of that product. Hence at least one
such unit survives for the additional bag, yielding gain s + w.

It remains to consider the all-zero-leftover prefinal history, whose probability is pg ~*. If the shadow
accepts a period-1' bag, the additional commitment replaces it and the gain is zero. Otherwise, the final-

marg

period fallback withholds one displayed unit. Its expected relative gain is s — vy °, so the conditional

expected loss is at most
(V7™ —s) i
Combining this possible loss with the favorable certification events gives
E[A™] > (s +w)p] 1S(Q) —p ! (7™ = s)"

= [ )0~ (e )],

which is (EC.22).
The capacity condition gives Y < NX, so S(¢) > 0. If v7.*"® < s, the lower bound is strictly positive.
Otherwise,
vgarg e — (T_S) — (S—i—’lU)C,
1+4+¢
and positivity is equivalent to
r—s
1 S(¢) > .
CHI+0S0)>

The left-hand side is strictly increasing as a function of ¢ > 0. Thus D < Dy implies the required inequality
by (6). The policy uses only observed demands and the simulated Markov shadow state, so it is nonantici-

pative. g
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Completion of the proof of Theorem 3. We now combine Lemmas EC.5 and EC.6 to prove the theorem. We
first verify that the two demand thresholds are ordered, and then show that one of the two policy witnesses
applies according to the IA-optimal policy’s behavior on the full-sales reference history.

We first verify that the two demand thresholds are ordered. The capacity bound Y < (N — 1) X implies
Y < NX. Hence S(y) > 0 for every y > 0. Moreover, S(y) is a polynomial with nonnegative coefficients

and no constant term. Therefore
fy)=y+1+y)S(y)

is continuous and strictly increasing from zero to infinity, so ¢(.J) exists and is unique.

Evaluating f at (r — s) /(s + w) gives a value strictly larger than the right-hand side of (6). Thus

r—s
J) < )
() s+tw
and consequently
X X
Dy (s+w) +X_1_(T+w) _1>D,.
r—s r—s

This proves Dy, < Dy.

Now fix an integer D € (Dy,, Dy). The lower bound implies D > X.

Now consider the full-sales reference history defined above. It has positive probability. Along this history,
the selected [A-optimal policy either accepts a bag before the final period, creating an early commitment that
DA may reallocate, or it does not, leaving early bag capacity unused. The early-acceptance alternative yields
a reassignment policy witness (Lemma EC.5), whereas the no-prefinal-bag alternative yields an additional-

bag policy witness (Lemma EC.6).

Early bag acceptance on the reference history.

Let 7 <T — 1 be the first such period, and choose a product 7 from which TA™ assigns at least one unit to
a bag in that period. Tag one such bag. Keep the reference history through period 7 — 1, and from periods
7 through 7' — 1 take demand X for product ¢ and zero for every product k # i. This prefinal history has
positive probability.

Because no bag is accepted before 7, each product enters that period with (7" — 7+ 1) X units. The donor
products k # ¢ make no subsequent regular sales before the last period. At most (7" — 7)Y — 1 bags are
assigned using donor-product units, because a product-¢ unit is assigned to the tagged bag. If ¢* denotes the

IA inventory entering the last period, then

Zk#(éZ—X)2(T—7)((N—1)X—Y)+1. (EC.27)
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Product i, meanwhile, sells every displayed unit and loses the tagged unit to a bag. Write L :=T — 7. It
enters period 7 with (L + 1) X units. In each of the L remaining prefinal periods, full display and demand

X give the recursion
@ =max{q"" b, - X,0},  u=r...T-1,

where b,, := z; ,, is the period-u product-i bag assignment. Iterating this recursion gives

T-1
q;:max{X—Z j bu,O}gX—l,

because b, > 1. Let Z* be the cumulative IA assignment of product ¢ before the last period. The resulting
prefinal shadow state, with uncommitted residual inventory ¢* and cumulative IA assignments Z*, has
positive probability. If z; ;. is its last-period 1A display, the tagged prefinal bag gives Z7 > 1, and the
preceding inequality gives x7 , < X. Thus DA can use the tagged product- unit for an additional regular
display, provided another product can cover the recorded bag assignment.

Suppose first that 2Y < (N — 1) X. Then the right-hand side of (EC.27) exceeds Y. If no donor k # i had

an idle unit, then its full display would leave no unit outside its last-period bags and display. Thus
G- X<zig kA

Consequently,

Do G- X)L Ha Y,

contradicting (EC.27). Hence some donor k # ¢ satisfies

~% * *
Gy = 2pr — Tpr = 1

Thus the donor condition in Reassignment (a) holds at this state with j = 1.

Now suppose 2Y > (N — 1) X. The capacity bound Y < (N — 1) X and (EC.27) imply that some donor
k # i has g; > X. If this donor has a unit outside its last-period assignments to bags and display, then the
donor condition in Reassignment (a) is satisfied at this state with j = 4. Otherwise, full display and ¢, > X
imply z; 7 > 1, so the donor condition in Reassignment (b) is satisfied at this state with j = .

Thus at least one donor condition in Lemma EC.5 holds at this state. It remains to verify the corresponding

gain criterion. For the gain comparison, let
=z, +1<X.

This is the demand threshold for selling the additional display. In the idle-unit case, £ < X < D makes the
expected-profit gain in Reassignment (a) strictly positive. In the period-7" bag case, the expected-profit gain
in Reassignment (b) is

(r+w)Pr[d; 7 > €] — (s + w).
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Because ¢ < X, this quantity is at least

r+w
1+¢

marg

—(s+w)=wvy

s> 0.

The final inequality follows from D > Dy, in the present capacity regime. Thus Lemma EC.5 supplies
a nonanticipative DA-feasible policy whose expected profit is strictly larger than that of the shadow. By

Lemma EC.4 and DA optimality, this yields the desired strict inequality under early bag acceptance.

No early bag acceptance on the reference history.

The no-prefinal-bag alternative gives the corresponding condition of Lemma EC.6. The capacity bound
gives Y < (N — 1)X, while D > Dy, > X — 1 and integrality imply D > X. Hence all hypotheses of
Lemma EC.6 are satisfied. Because D < Dy, that lemma supplies a nonanticipative DA-feasible policy
with strictly larger expected profit than DA(TA™). By Lemma EC.4 and DA optimality, the desired strict
inequality follows under no early bag acceptance.

Since these alternatives are exhaustive,
VPRI > VIA(D),
completing the proof. U

EC.7.1. Proofs of Supporting Lemmas
Proof of Lemma EC.3. The horizon, the feasible IA state and decision sets, and the demand support are
finite. Because future demand is independent of observed history, backward induction yields a deterministic
Markov TA-optimal policy. We show that this backward induction can select a full-display maximizing
decision at every feasible period-¢ inventory vector.

For a period-t IA inventory vector v, let V;(v) be the optimal expected continuation profit. We first show

that, whenever v; > 1,
Viiv)=Vi(v—e;) <r. (EC.28)

Couple an optimal continuation from v with a continuation from v — e;, marking the extra product-: unit in
the former system. The smaller system simulates the larger continuation until the marked unit is removed.
Whenever a decision leaves a product-¢ unit unassigned and undisplayed, that same decision is feasible in
the smaller system.

Otherwise, every product-z unit is assigned or displayed. If one is assigned to a bag, the smaller system
accepts one fewer bag and removes the corresponding product-; assignment. It loses at most s < r, after
which the inventory states coincide. If none is assigned to a bag, every product-; unit is displayed. The
smaller system displays one fewer. If that additional display sells, it loses  and the inventory states coincide;

otherwise regular sales agree and the one-unit discrepancy persists. If the marked unit is never removed, it is
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an additional unit discarded at the horizon and cannot increase profit. Thus the constructed nonanticipative
continuation from v — e; has expected profit at least V;(v) — r, proving (EC.28).

Fix a feasible period-¢ inventory vector and an optimal decision that violates (EC.15) for some prod-
uct 4. Then a product-; unit is unassigned and undisplayed. Keep the bag decision and all other displays
unchanged, and add that unit to the display. If the added unit does not sell, the continuation state is
unchanged. If it sells, it earns one additional regular-sale reward r and leaves one fewer product-: unit
for the remaining periods, whose optimal continuation profit is lower by at most r by (EC.28). Thus the
modification has expected profit no smaller than that of the original decision. Because the original decision
is optimal, the two decisions must tie, so the modified decision is also optimal. Repeating this exchange
until (EC.15) holds for every product produces a full-display optimal decision at the state. Applying this

construction at every feasible state yields the claimed policy. ([l

Proof of Lemma EC.4. Fix a nonanticipative [A-feasible policy 7 and couple it to D.A(7) through the same
realization of 7’s internal randomness. Along a joint realization of demands and internal randomness, write

d;, cjﬁt_l), 21, and z; , for the corresponding product-i demand, uncommitted residual inventory, bag

t
u=1

assignment, and regular display. Define Z; , := >, _, z; .. The shadow’s physical inventory of product 4
immediately before period ¢ is qNZ(t_l) + Z,; 1. After period-t sales, it is

~(t—1

qi ) —|— Zi,tfl — min{di,t, xi,t} = (L(t) + Zi,t7 7/ S [N]

Thus IA feasibility makes every shadow display feasible. At the horizon, each product’s physical inventory
is its uncommitted residual inventory plus its cumulative deferred assignments, so the latter can be fulfilled
without composition constraints. After fulfilling the cumulative deferred assignments, the shadow retains
exactly c’jfT) units of product ¢, which is also the inventory discarded by the IA policy at the horizon.

The shadow observes exactly the same information as 7 before each period’s demand realization. There-
fore the nonanticipativity of 7 implies the nonanticipativity of every shadow decision. Finally, the shadow
reproduces the same regular sales, bag revenue, and waste at the horizon as 7 on every joint realization.

Hence the two policies have identical pathwise profit. U

EC.8. Dual Derivations for the Static and Branch-Free Linear Programs
In this section, we derive the duals of static LP and the uniform-gain LP. We suppress the constant baseline

profit E[PROFIT[RO; I]] and add it back at the end. Both LPs fit the same generic form

max Z Cik Wik (EC.29)
“ (i,k)eU
st. Y (a)uix<(b),  VLe{0}U[L],
(i,k)eu

wr>0 Y,k eU (EC.30)
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with (ai)o = 1, (ai)g = Qi for / € [L], (b)g = TY, and (b)/ = bg for ¢ € [L]

Dual derivation. Introduce dual variables
AM>0 Ve{0}UI[L], wir >0 V(i,k)elU.

The dual of (EC.29)-(EC.30) is

min Z e Ae + Z i ke

£e{0}U[L)] (i,k)euU

st et Y, (@)Ae=en V(i k)EU,

£e{0}U[L]

Ae >0 Ve e{0}U[L],
Hik =0 V(i k) elU.

Reduced dual. Fix A > 0. The smallest feasible 1, j, is
+
Mk = <Ci,k - Z (&)Mz) .
Le{0}U[L]

Substituting into the objective yields

+

i S Bt S (ci,,f 3 (ai)m) . (EC.31)

Le{0}U[L] (i,k)euU Le{0}U[L]

LP specializations. For both LPs, the zero vector is feasible and the box constraints make the feasible
region bounded. Hence, each primal has a finite optimal value, and LP strong duality equates it with the

value of the corresponding reduced dual. Setting c; j, = s — v; 5, in (EC.31) gives the dual of the static LP:

Jr
LP,, = E[PROFIT[RO; I]] + Ae{gﬁgﬁﬂ Z e Ao+ Z (S — Vg — Z (ai)z)\g>
Le{0}U[L] (i,k)eU £e{0}U[L]
Setting ¢; , = s +w in (EC.31) gives the dual of the uniform-gain LP:
+
LPug = E[PROFIT[RO; I]] + )\e[gloir)lL+1 Z (b)g A+ Z <S +w— Z (ai)g)\(>

Le{0}U[L] (i,k)eU Le{0}U[L]

EC.9. Heuristics and Experimental Benchmarks
This section describes the two heuristic policies and the information-relaxed benchmark used for empirical
comparison in Section 6. The two heuristics are restricted versions of the LP-based reservation policy: a

uniform-share reservation rule and a certainty-equivalent value rule.
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EC.9.1. Uniform-share policy
The uniform-share policy uses the same bag-channel proportion across products:

max E (s — Vi)W
hel0,1], uel0,1]H (i,k)eu

.t. <
s.t Z(WEU ui, <TY,

4
IIRUD DT ALl
> wk=hg, i€[N] (EC.32)
k-e[qi]

The uniformity constraint (EC.32) means that each product routes the same fraction A of its initial inventory
to the surprise-bag channel. This is the only difference from the LP-based reservation policy. We then apply

the same rounding step and online execution as in the LP-based reservation policy.

EC.9.2. Certainty-equivalent policy
The certainty-equivalent policy replaces the unit-level regular values v, ;, with certainty-equivalent regular

values computed from mean demand, for any 7 € [N] and k € [¢,]. Let

T

Rt winfa, Y

where f; £ R, — LRZJ € [0,1). The corresponding certainty-equivalent regular value is

X min{E[d; ], XZ}} = |R;| + fi,

T k<|Ri],
ﬁi,k: ﬁn—(l—ﬁ)w, k: LRZJ +1)

We then solve the same static LP as in the LP-based reservation policy, with v; 5, in place of v; ;, and apply

the same rounding step and online execution as in the LP-based reservation policy.

EC.9.3. Ex-ante benchmark
The ex-ante benchmark is an information relaxation used only for evaluation. Recall that p; ; is the proba-
bility that unit (¢, k) would sell under RO. For each unit, let uik and u;,, denote its conditional probabilities
of being allocated to a surprise bag, given that it would and would not sell under RO, respectively. The
value of a variable on a zero-probability branch is immaterial. We define

LP,, = E[PROFIT[RO; [ [l —r)ul, +(1—p; f}

PrOFT(RO] +  max 37 (s = ruly + (1= ps) (s 4w
o uf — <
s.t. z(@k)gj (pz,k;ul’k +(1 pz,k)uz’k) <TY,

+ —
Z(i’k)eu i <Pi,kui,k +(1 _pi7k)ui,k> <b, Llel[L]
(EC.33)

Here, p; pu;, + (1 — pii)u;, is the unconditional probability that unit (4, k) is allocated to a surprise bag.
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For any feasible policy, set u:fk and u;, to its corresponding conditional allocation probabilities. The law
of total expectation and the policy’s feasibility imply that these variables satisfy the constraints above. Rel-
ative to RO, allocating a unit that would sell regularly increases profit by at most s — r;, whereas allocating
a unit that would remain unsold increases profit by s + w. The objective at the induced solution therefore
upper-bounds the policy’s expected profit. Thus, LP., upper-bounds the expected profit of every feasible

policy; it is a benchmark value rather than an implementable policy.
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